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Abstract
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An overarching mathematical framework is proposed to describe entire mineral particle precipitation processes including multiple polymorphic forms and ranges of temperatures.
While existing models portray individual physical phenomena, the presented approach incorporates a diverse set of the physical phenomena simultaneously within a single mathematical description. The liquid and solid phase
dynamics interact through coupling an aqueous ionic equilibrium-chemistry model with a
set of population balance equations and a mixing model. Including the particle physical phenomena nucleation, growth, dissolution, and
aggregation together within a single framework allows for the exploration of non-intuitive
and non-trivial coupling effects. To validate
the proposed framework, the CaCO3 system
and results described within Ogino T., Suzuki,
T., and Sawada K., 1987 were utilized. The
proposed framework captures general trends
and timescales, even while being constructed
of relatively basic physical models with approximations and known uncertainties. Interpolymorph coupling effects, which were found
to be important in the validation system’s evolution, and dynamics within each polymorph’s
particle size distribution are captured by the
framework.

Historically, the investigation of mineral kinetics has primarily focused on isolated phenomena such as specific particle growth mechanisms
or nucleation-rates at particular sets of conditions. Our approach provides a synchronous description of particle size distributions, aqueousphase ionic equilibrium-chemistry, and physical processes that simultaneously effect both
phases through a single, overarching theoretical framework. Physical properties captured
within the framework include the solution’s supersaturation states, polymorphic abundances,
mixing extents and growth, dissolution, nucleation, and aggregation rates. Such comprehensive understanding is necessary due to the nonobvious and pervasive coupling between individual phenomena. Seeking to capture particlesize distribution (PSDs) based physical phenomena such as Ostwald ripening, similar to
Steefel and van Cappellen 1 and Noguera et al. 2 ,
the quadrature method of moments (QMOM)
is implemented as a computationally efficient
mathematical method to achieve this goal.
The work presented directly addresses the
coupling between multiple processes including:
aqueous-phase ionic equilibrium-chemistry, simultaneous presence of multiple polymorphs,
nucleation rate of each polymorph, interfacial
tension that depends on temperature and nanoscale effects on physical properties, and time1

Overview and Scope

history of PSDs as they change due to growth,
dissolution and aggregation. Tracking multiple polymorph PSDs permits interpolymorph
effects on nucleation, growth, and aggregation
to be explored. Maintaining PSD for each polymorph population allows size dependent physical phenomena to be accurately described. A
simplistic model was incorporated to account
for the finite mixing rate of ion streams, in order to provide a preliminary investigation of the
possible effects of overlapping time scales.
The experimental results of Ogino et al. 3 have
been selected for validation of our framework.
Ogino et al. presented experimental results for
the evolution of a supersaturated system of
Ca2+ and CO32 – ions and resulting CaCO3 precipitate. This system was created by mixing
0.25 L of a 6.07×10−2 M calcium chloride solution with 0.62 L of a 1.30×10−2 M sodium carbonate solution in a 1 L vessel. While these results are for a mixture at relatively high supersaturation, the resulting short timescales (approaching system equilibrium within hours) allowed for well controlled experiments over a
range of temperatures. These time scales are
far shorter than those commonly studies in
oceanic and geological environments. Most importantly, the system demonstrates a complex
coupling involving four CaCO3 polymorphs,
with the amount of each polymorph displaying
significant evolution through time. It is specifically the temporal profiles of the ion-activity
product (IAP) and the volumetric polymorphic
abundances, both traces given for multiple temperatures, that provide a comparison for validation of the proposed framework. Experimentally, Ogino et al. measured the IAP with a
glass electrode and a calcium ion selective electrode, while the polymorphic abundances were
found using x-ray powder diffraction and scanning electron microscopy.
The unifying framework described here relies on models of isolated phenomena, combining them as building blocks of the framework.
The scope of the research is confined to the development of the framework itself and not the
development or improvement of the fundamental/isolated physical models. When considering
models for individual phenomena, only a mini-

mal description is included. Many phenomena
in CaCO3 systems are known to have complicating features such as the effect of the ion ratio on growth rates of calcite, 4–7 pH effects on
the growth and dissolution rates of calcite and
aragonite, 8–10 direct transformation from amorphous CaCO3 (ACC) to vaterite 11,12 and the
possible non-classical nucleation of ACC. 13–15
While acknowledging these complicating features, the purpose of this paper is to demonstrate how coupling multiple phenomena, each
described simplistically, can provide accurate
results. More advanced models for individual
phenomena could be easily integrated into the
framework if desired. Complex solutions containing substances such as alcohols and chemical additives that affect CaCO3 dynamics are
not currently considered and limited the validation data set selection.
A hierarchical approach was taken for organization with multiple levels within the proposed
framework. Each level is composed of individual elements, which themselves may be comprised of a grouping of elements from the level
below. When the effect of mixing on reaction
is coupled to the system, it must be the uppermost level of the framework in order. For the
aqueous-phase it is clear that the composition is
controlled by the degree of mixing – whether the
local composition should reflect the unmixed
carbonate, unmixed calcium, or the stoichiometery at some intermediate degree of mixing. For
the solid phase this may be less clear. However,
while turbulence performs its mixing effect on
the aqueous species, it is also pushing around
the solid phase precipitate. These particles follow the flow like tracers and must be evolved in
a way that reflects the local environment.
Although it is in the uppermost position, the
mixing model contributes as a secondary effect
for our validation system and as such is described last - in Sec. 2.4. Down one level into
the framework are the coupled phenomena of
equilibrium chemistry and time-evolution of the
PSD for each of the four polymorphs. This coupling is “two way” in the sense that the chemical equilibrium is dependent on the amount of
material not currently in a solid phase, while
the equilibrium chemistry determines the su2

persaturation, which is the primary driver for
changes in the PSD. The equilibrium chemistry
is described in Sec. 2.1, the time evolution of
the PSD is described in Sec. 2.2, and the mathematical coupling of the equilibrium chemistry
with the evolution of the PSD is described in
Sec. 2.3. Down another level into the framework
are the multiple phenomena that contribute to
the evolution of the PSD including: nucleation
in Sec. 2.2.1, growth in Sec. 2.2.2, dissolution
in Sec. 2.2.3, and aggregation in Sec. 2.2.4. Interfacial tension is a critically sensitive parameter in many of the physical models, so this
parameter and its uncertainty are described in
Sec. 2.2.5. The complete theoretical framework
results in mathematical equations that can only
be solved computationally. As such, results
from direct calculation of the framework are
presented in Sec. 3.1. The possible effects of alterations to the model are discussed in Sec. 3.2
and comparisons with the experiments of Ogino
et al. 3 in Sec. 3.3.

Each polymorphic form has its own bulk
phase supersaturation value upon which its particle dynamics depend, yet the respective supersaturation values are all interrelated through
the equilibrium chemistry. Initially, each polymorph’s bulk phase supersaturation is high –
causing nucleation to be the dominant process. Nucleation and subsequent growth quickly
deplete the concentration of ions in solution.
Simultaneous dissolution of less stable polymorphs and growth of the more stable then controls the long term system dynamics. Stated
another way, the system is a strong example of Ostwald’s step rule 16 in which initially
less-stable forms of the mineral grow quickest,
then as the supersaturation for these less-stable
forms drop, they transfer mass to more stable forms. 17 Concurrent with growth, particle
aggregation results in a greater abundance of
larger particles while depleting the population
of smaller sizes.

2.1

2

Theory

Equilibrium Chemistry Approach

Kinetic reaction rates for the ionic chemistry
are assumed to be very fast compared to particle solid phase processes, hence an equilibrium model is employed for the liquid phase.
The open-source software toolkit Cantera 18 was
used to calculate the ionic-aqueous equilibrium
chemical activities. Cantera includes temperature dependent chemical kinetics and thermodynamics as well as Pitzer relations.
Ogino et al. computed IAP as a function
of time using a BASIC computer program
combined with a temporal signal from a pH
probe. The BASIC code was based on a chemistry model developed by Plummer and Busenberg 19 . When re-implementing the computer
model coded by Ogino et al., the simulated results do not match the published theoretical
values. Fig. 1 shows the re-implemented Plummer and Busenberg model was consistent with
the data reported by Ogino et al. when an error
was included corresponding to reversing the reaction direction of calcium carbonate complex,
CaCO3o , formation.
The hypothesis that the data reported by

A brief overview of the validation system will
be given before delving into framework details.
The initially highly supersaturated CaCO3 system evolves dynamically as aqueous ions precipitate into carbonate polymorphs accompanied by the transition from one polymorphic
form to another through dissolution and reprecipitation processes. This system is created
by mixing two aqueous streams, where one contains Ca2+ ions and CO32 – ions are in the other.
The initial step of the system’s evolution is the
formation of ACC. Next, depending upon system conditions, the metastable polymorphs vaterite and aragonite become favorable. Lastly,
the system transitions to the formation of calcite, the most thermodynamically stable form
of CaCO3 , and its Ostwald ripening. While
those steps towards system equilibrium provide
a general description of the process, in reality
they largely overlap and are highly interdependent both between polymorphic forms and the
physical phenomena occurring for each polymorph.
3
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Figure 1: Comparison of the full CaCO3 aqueous ionic-chemistry model developed by Plummer
and Busenberg 19 with (solid lines) and with a modification that reverses the CaCO3 ◦ equilibrium
expression (dashed line). The left plot compares Ogino et al. 3 ’s IAP data (circles) with both models
over a temperature range of 25 to 80◦ C, demonstrating that model with a reversed equilibrium
expression was likely implemented. The right plot compares calcium concentrations measured by
Gebauer et al. 13 (squares) with the two models over time and demonstrates that Plummer and
Busenberg’s model agrees with recent experimental results.

2.2

Ogino et al. needs correcting is strengthened
by the right plot in Fig. 1, which shows better agreement between the standard chemistry
model with experimental data from Cantera
prior to the precipitation event than the model
with the reversed reaction equilibrium. While
this error effects the IAP values, it has no implications on time-scales and particle population
statistics. A simple correction can be applied
when processing the experimental data. Correlations through the extent of reaction relating
Ogino et al.’s apparent model to data produced
in Goodwin et al. 18 can be observed in Fig. 2.
These correlations will be utilized during framework validation.
CaCO3 solid phases being considered, in order of increasing solubility, are: calcite, aragonite, vaterite, and ACC. The supersaturation
ratio, Sj , of a given CaCO3 polymorph, indexed
j, is calculated using the equilibrium solubility product, [CaCO3 ]eq ,j , with the activity of
the aqueous-phase calcium carbonate, [CaCO3 ].
Temperature-dependent solubility-product correlations for the crystalline polymorphs and
ACC are found in the literature. 19,20

Time Evolution of the
Particle-Size Distribution

The mathematical technique to describe the
time evolution of a PSD is referred to as a population balance equation. This method, popularized by Randolph and Larson, 21 generally
allows the number distribution of particle properties (such as size) to be evolved both spatially
and temporally. Commonly used within the
crystallization community, population-balance
equations have been shown to accurately track
crystal populations for similar situations. 1,22,23
An approach recently presented by Noguera
et al. 2,24 transports the time-histories of a particle population. Such a method is valuable
for precipitates whose compositions vary with
time, but unnecessary for processes that lack
variance of that variety. Such methods would
also be computationally more expensive than
population balances for the current implementation. Reactive transport modeling, as described by Steefel et al., 25 provides a holistic
method of tracking mineral processes, but lacks
the ability to evolve the characteristics of particle populations.
Within our population balance, the following
4

in the mathematical description as individuals
and most of the error should then be attributed
to the growth rate model.
With this assumption in place, the resulting
equation for a PSD, η, as it evolves in time, t,
is
∂
∂η
+ [G(r)η] = BN (r) + A(r),
(1)
∂t ∂r
where G is the growth rate (also representing
dissolution if it is negative), r is the internal
coordinate representing the radial size of the
particles, BN is the birth rate due to nucleation
(also representing dissolution death if it is negative), and A is comprised of the birth and death
rates due to aggregation.
Rather than model the entire distribution of
particle sizes, we have selected to utilize the
method of moments. In precipitating systems
with a small variance and a mean particle size
that changes by orders of magnitude, simple
sectional methods become inefficient. This inefficiency is due to the small discretization step
sizes required to resolve the narrow PSD and
the large number of discretization points required to span the size space. For moment
methods, only a desired set of lower-order moments are solved, greatly reducing the number of calculations required. Moments contain
the information necessary to calculate the mean
and variance of the PSD as well as many other
distribution properties. This method is accomplished by starting with the population-balance
equation and transforming it into moment form,
i.e. multiplying Eq. (1) by rα and integrating
over r, where theR αth radial moment of η is de∞
fined as mα ≡ 0 rα η dr. At this point the
equation for the time history of the moments
can be written as
Z ∞
∂mα
−α
rα−1 G(r)η dr =
∂t
rc
Z ∞
Z ∞
(2)
α
α
r BN (r) dr +
r A(r) dr,
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Figure 2: Comparison of IAP traces over the
full range of reaction extent at 25◦ C and 50◦ C
calculated using an aqueous ionic equilibriumchemistry model presented in Plummer and
Busenberg 19 (downward pointing and upward
pointing triangles), Plummer and Busenberg’s
model with reversed CaCO3 ◦ equilibrium expression (solid and doted lines), and using
Goodwin et al. 18 (dots and stars). Chemical
composition presented in Ogino et al. 3 utilized.

simplifications were made. Based on the system setup of Ogino et al. 3 , any spatial variations have been relegated to the mixing model
(Sec. 2.4). Additionally, an assumption is made
that greatly simplifies the description of the
PSD. This assumption results from two observations: first, that aggregation has a secondorder effect in this system and second, that
most often the polymorph in greatest abundance has significantly more particles than any
other polymorph. Based on these two observations, we neglect any cross-polymorph aggregation as a higher-order effect and can then
describe the system with four separate PSDs
– one for each polymorph. In general particle
systems this approximation may not hold. For
the case studied here, these two observations
are justified, see the results in Sec. 3. There
is another way to consider this assumption –
that even if cross-polymorph aggregation were
to occur, the particles are still accounted for

rc

rc

where rc is defined to be the smallest radius at which particles are considered part of
the system. Equation (2) generally requires
a closure method due the integration of the
growth and aggregation terms, which depend
5

on an unknown distribution, η. The quadrature method of moments (QMOM), introduced
by McGraw, 26 allows for closure of these integrals. This is done by approximating the integral by Gaussian-quadrature with its associated
weights, wk , and abscissae, Rk , for each quadrature node k = 1, 2, . . . , N . These weights and
abscissae are defined such that they satisfy the
lower-order moments:
mα =

N
X

wk Rkα ,

where z is the Zeldovich factor, kf is a rate
coefficient for molecular growth of a cluster,
C(1) is the number density of single precipitant molecules in solution, and Ce (ic ) is the
equilibrium-based number density of clusters at
the critical size. 28 The embryonic-cluster size
distribution is modeled as a Boltzmann distribution. When solving for the embryonic-cluster
size distribution, the Gibbs free energy of the
cluster, G, must be first solved, which is set relative to a single molecule in order to maintain
self consistency 28,29

for α = 0, 1, . . . , 2N − 1.

k=1

(3)
Originally derived by Gordon, the productdifference algorithm can be used to solve for the
weights and abscissae given the moments. With
the quadrature approximation for the growthrate integral, the QMOM form of the equation
is

∆G(i) = −kB T ln(S)(i − 1)+

27

(36πν 2 )1/3 σ(i2/3 − 1),

where ν is the molecular volume and σ is the interfacial tension. This change in Gibbs free energy describes the energy loss due to increased
volume of the new phase versus energy gain
from the enlarged surface area of the interface
between phases. The Zeldovich factor 30 helps
correct for the fact that the Boltzmann distribution assumes equilibrium, yet nucleation occurs due to deviations from equilibrium. Katz 31
provides an alternative viewpoint on the embryonic cluster distribution.
There are a variety of expressions for the
forward reaction-rate coefficient, but two
forms commonly used and that were explored
throughout the framework development are the
interface-transfer-limited and diffusion-limited
models. 32
Subtleties in the definition of the nucleationrate can have significant implications on the
population-balance equation, the nucleationrate expression itself, and the coupling with the
aqueous phase equilibrium chemistry. With this
in mind, we carefully word the definition of nucleation rate as the quasi-steady flux of embryonic clusters as they grow into particles that
are then tracked by the PSD. For this hand-off
of pre-nucleate clusters to nucleated particles,
we have followed the established convention of
using the thermodynamic critical cluster size,
= 0. Due to the
ic , which occurs when d∆G(i)
di
use of polymorph-specific, size-dependent interfacial tension in Eq. 6, as will be elaborated
upon in Sec. 2.2.5, a quadratic version of the

N
X
dmα
wk Rkα−1 G(Rk ) = BN,α + Aα , (4)
−α
dt
k=1

where
R ∞ α the nucleation-rate integral, BN,α ≡
r B(r) dr, and the aggregation-rate interc
R∞
gral, Aα ≡ rc rα A(r) dr, are solved according to the discussion in Sec. 2.2.1 and 2.2.4.
Eq. 4 can be evolved through time. For initial
conditions, a uniform distribution of 104 particles around 4 × 10−2 µm in diameter for each
polymorph was assumed. This initial distribution is necessary for stability of the calculation,
but it was ensured that this minimal number
of initial particles did not effect the PSD evolution beyond ∼ 10−7 minutes because nucleation
quickly overtakes this distribution. The size of
particles in the initial distribution is roughly an
order of magnitude larger than the initial nucleates, but this is required so that these particles
do not dissolve out of the system before it becomes numerically stable.
2.2.1

Nucleation

The classical nucleation-rate implemented, J,
takes the following form:
J = zkf C(1)Ce (ic ),

(6)

(5)
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Kelvin equation 33 must be solved. The critical size, written as the number of molecules
in a cluster, must correspond to the PSD domain boundary, rc . We relate the two through
r3 ). Also,
an assumed spherical shape (ic = 4π
3ν c
when a particle nucleates and begins to be accounted for within the PSD, the molecules comprising that particle can no longer contribute to
the molecular concentration in solution and the
equilibrium chemistry is updated to conserve
mass.
A secondary heterogeneous nucleation mechanism 32 was also explored. Secondary heterogeneous nucleation allows for nucleation on particles already present in the system and introduces additional unknown model parameters
such as the contact angle at which one polymorph nucleates on particles of each of the
other polymorphic forms, and the density of
nucleation sites for each polymorphic form. A
discussion of the implications of heterogeneous
nucleation is included in Sec. 3.2.
The quasi-steady nucleation model assumes
that the distribution of pre-nucleation clusters
is fully established. This is certainly not true
for infinitely fast mixing and may not be accurate for finite mixing rates. When the Ca2+ and
CO32 – containing solutions are mixed, individual CaCO3 molecules are formed and the distribution of embryonic clusters evolves toward its
quasi-steady state. For timescales near the mixing rate, the embryo distribution will be more
heavily weighted to smaller sized clusters. The
period of time before reaching the quasi-steady
nucleation-rate is referred to as the time lag
or induction time. Transient nucleation models
describing nucleation during the ramp-up process (examples of which can be found in Kelton
and Greer 34 ) have been investigated. The most
well known model is that by Kashchiev, 35
∞
X


t
J(t) = J 1 + 2
(−1) exp(−m ) ,
τ
m=1


m

2

With the physical theory of nucleation
in place, it must be incorporated into the
population-balance equation. The physical description above implies a boundary condition
flux, but this is mathematically equivalent to
a delta-function source term at the boundary.
The birth-rate due to nucleation is then related
to the nucleation-rate itself by
BN = δ(r − rc )J.
The nucleation-rate integral is given as
Z ∞
rα BN (r) dr = rcα J.
BN,α ≡

(8)

(9)

rc

Based on the recent progress regarding
the possibility of non-classical nucleation for
ACC, 11,13 an ideal mathematical description
would incorporate a non-classical nucleation
mechanism for ACC and classical nucleation
for vaterite, aragonite and calcite. Currently,
there is no well-established mathematical description for the non-classical nucleation-rate.
Consequently and in accordance with the scope
of the current investigation, classical nucleation
has been selected as a surrogate for the nonclassical nucleation-rate.
2.2.2

Growth

Particle growth can follow many possible mechanisms depending upon environmental and
particle-material properties. Common mechanisms include monosurface nucleation, polysurface nucleation, screw dislocation, among
others. For a comprehensive review see Dirksen
and Ring 33 and Lasaga 37 . While many mineral
growth rates are presented as surface area normalized, such rates can be converted into a radial basis through mathematical manipulation.
Due to large changes in the system’s supersaturation, different growth mechanisms may be
exhibited for each of the polymorphs as their respective bulk supersaturations transition from
high to low. A brief review of the mechanisms
considered for the current application follows.
Initially the system is highly supersaturated
with respect to all polymorphs. At this point
the surface growth rate is fast with an unknown

(7)

where τ = 4/z 2 π 3 kf N (1) is the induction
time. 36 The nucleation ramp up was only investigated for infinitely fast mixing. There is
currently no theoretical model for simultaneous
finite mixing rate and nucleation time lag.
7

where Kr is an empirical reaction-rate constant. 47 The multi-source equivalent has a linear dependence on chemical affinity. 46 Each
polymorph has a unique rate constant whose
temperature dependence is incorporated using
the Arrhenius equation due to being reaction
limited. 37 Screw dislocation growth constants
for vaterite and calcite were documented by
Kralj et al. 41,47 and by Romanek et al. 48 for
aragonite. While affinity based models for surface controlled rates are widely used, many reaction rate based models also capture the phenomena well. 49,50
Although there is has been a great deal of
research investigating surface defect controlled
growth mechanisms of the crystalline polymorphs such as Kralj et al. 41,47 and Gutjahr
et al. 51 , it has also been found that the controlling growth mechanism switches to 2-D surface
nucleation as the supersaturation increases. 46,52
As described by Dirksen and Ring 33 , while the
supersaturation rises, the controlling growth
mechanism will continue to change until diffusion limited growth is reached. Although all
appropriate growth mechanisms could be implemented within the framework, with the uncertainty in the selection of a growth mechanism – further complicated by the possibility
of switching from one mechanism to another –
diffusion limited growth was primarily applied
to all three crystalline polymorphs. There is
currently little known about how ACC grows
at similar supersaturation levels. Diffusion limited growth is judged to be a viable mechanism
for ACC due to the lack of crystal structure and
high rates of growth.
Recently, there has been a great deal of new
research published on calcite growth mechanics.
Papers by Stack and Grantham 5 , Gebrehiwet
et al. 6 and Bracco et al. 7 have found calcite’s
growth rate to be largely effected by not only
the supersaturation, but also by the ratio of
the ions. The affect of the solution’s pH upon
the limiting growth mechanism has also resurfaced as an area of intrigue. 10 Wolthers et al. 53
explored these issues simultaneously and their
model was explored within the framework at
supersaturation values near S̄.

kinetic rate expression, but the overall rate is
limited by diffusion of precipitant molecules to
the surface of the particle. 38 This mechanism
is known as diffusion-limited growth, assumes
equilibrium boundary conditions, and can be
described mathematically as
G(r) =

D
[CaCO3 ]eq (S − S̄),
ρr

(10)

where D is the diffusion coefficient, ρ is the
polymorph’s molar density, and S̄ is a ratio
of activities. 39 The ratio S̄ is the activity of a
finite-radius particle normalized by the activity of an infinite-flat surface. Although S̄ is
often assumed as unity, it can be derived from
the Kelvin equation 24,33 and results in Ostwald
ripening effects upon small particles:
S̄ ≡ e2σ/ρRT r .

(11)

The diffusion coefficient is assumed to be
linearly dependent on temperature [2.4533 ×
10−11 (T − 273.15) + 4.9467 × 10−11 m2 s−1 ]. 40
The expression for diffusion limited growth,
Eq. (10), assumes a spherical particle geometry.
While this is a good approximation for most
of the polymorphs, aragonite is known to form
crystals with greater resemblance to cylindrical
geometries. A similar diffusion-limited growth
model for cylindrical particles was used,
G(r) =

7 D
[CaCO3 ]eq (S − S̄).
6 ln(2) ρr

(12)

Within the cylindrical diffusion-limited growth
model, it was assumed that the diameter-toheight aspect ratio of the crystals is roughly
1:6 and that the concentration boundary layer
of the particles is on the order of the particle
size.
Once the supersaturation ratio reduces to levels closer to S̄, it has been shown that CaCO3
polymorphs grow by a surface controlled rate,
such as the screw-dislocation mechanism, for
the pH range of interest. 41–46 Singular sourced
screw dislocation can be described mathematically as
G(r) = Kr (S − S̄)2

when S > S̄,

(13)

8

2.2.3

Dissolution

the PSD. Historically this death term has presented challenges for QMOM methods, and recent progress in this regard has been made
by Yuan et al.. 58 The negative growth type
of dissolution has a primary effect on the system under consideration and the dissolutiondeath term has a negligible effect. We have
taken a pragmatic approach of selecting the left
boundary of the PSD and specifying a death
rate. The selection of the PSD’s left boundary
must be a value small enough that the specified dissolution-death rate shows negligible impact on the equilibrium chemistry. Within the
current framework implementation, a particle
radial size of 6 × 10−2 µm and a respective distribution weight of 10−2 #/m3 were chosen to
specify the left boundary. Particles of this size
are orders of magnitude smaller than the system’s current critical radii.

As the precipitation process advances in time
it displays two phenomena: Ostwald-ripening 54
and Ostwald’s step rule 16 as it applies to polymorphs. In terms of the mathematical description of Eq. (1), dissolution appears twice. First,
dissolution appears as a negative growth term,
G(r) < 0. And second, when a particle shrinks
beyond the smallest size considered in the PSD,
dissolution appears as a death term. This death
is equivalent to a negative nucleation event,
BN < 0.
Dissolution in the form of negative growth
occurs for undersaturated solutions (S < 1),
but it may also occur for supersaturation ratios
larger than unity if the particle is small enough
that the size-effect of the Kelvin equation results in unfavorable energetics. Dissolution
rates within CaCO3 systems have been found
to be limited by the growth rate of more stable polymorphic forms. 11,41,55 That being said,
our approach for vaterite and aragonite’s dissolution rates is to use the diffusion limited
mechanism, which is the same as Eq. 10/12, in
order to allow aragonite and calcite’s growth
rates to dictate the system dynamics. Kralj
et al. 56 reported vaterite’s dissolution to be diffusion limited and Chou et al. 8 found aragonite’s dissolution to be limited by surface kinetics. Due to the lack of temperature dependent model parameters presented by Chou
et al. 8 , diffusion limited dissolution is the best
option available for aragonite. Calcite’s dissolution mechanism has been established as being
surface reaction limited for the validation data’s
pH range 8,51,57 and temperature dependent parameters are available. 49
ACC’s dissolution mechanics are still an area
being explored. Some literature suggests that
ACC directly crystallizes into other forms or occurs in combination with dissolution. 11,12 Due
to the current ambiguity, diffusion limited and
surface limited dissolution mechanisms with
fitted rate constants were explored for best
timescale agreement and polymorphic abundance trace shape with the validation data set.
Dissolution in the form of a negative birth
term allows for particles to be removed from

2.2.4

Aggregation

Aggregation does not have a primary influence
on the variables reported by Ogino et al. 3 –
explicitly on the IAP and polymorphic abundances. These two quantities provide a good
measure of the physical state of CaCO3 , if it
is in the aqueous-phase or precipitated as one
of the polymorphs, but do not characterize the
size of the particles. However, in the dynamic
evolution of the system, aggregation can have
an indirect effect on these variables through the
size dependence of growth and dissolution. Irrespective of these variables, the degree of aggregation in the system of interest is minor.
Nonetheless, aggregation has been included in
this study for two reasons: for completeness in
the theoretical description and for the flexibility
of this framework in it applicability to similar
systems.
We adopt a QMOM form of the aggregation
term as derived by Marchisio et al.: 59
N

N

α
1X X
wi
β(Ri , Rj )wj (Ri3 + Rj3 ) 3 −
Aα ≈
2 i=1
j=1

N
X
i=1

Riα wi

N
X

β(Ri , Rj )wj ,

j=1

(14)
9

where β represents the aggregation kernel. This
aggregation kernel is the product of a collision
frequency, β ∗ , and a collision efficiency, Ψ. 60
β(ri , rj ) = β ∗ (ri , rj )Ψ

temperature and composition is known to be a
complex problem. The Gibbs’ absorption equation, Eq. (16), demonstrates dependencies on
the specific excess entropy, SaE , and the chemical potential, µi . Ionic solutions further complicate this description due to the need to understand the molecular interactions occurring
between the ions in solution and the particles
in order to describe the excess surface concentration, Γi .
X
dσ = −SaE dT −
Γi dµi
(16)

(15)

A Brownian motion frequency kernel, found in
Elimelech et al., 61 was implemented to capture
the aggregation of the large quantity of small
particles created within the validation system.
While collision frequencies are fairly well defined within the literature, the collision efficiency is an area of research still being explored.
Collision efficiency must be considered because not all collisions result in aggregation.
Fundamentally, the collision efficiency can be
thought of as the probability that the bonding forces overcome tensile and shear stresses.
Numerically it can range from one, where all
collisions result in aggregation, to zero. A
semi-empirical method introduced by Hounslow et al., 62 Andreassen and Hounslow 43 , Liew
et al. 60 based upon particle growth rates and
physical strength properties, which has been explored in recent literature, 63,64 is used for the
current application.
2.2.5

i

Following an approach similar to that of
Mersmann 70 , but maintaining the temperature
dependent term, interfacial tension can be expressed as
σ(T, µ) = σ(T◦ , µ◦ ) − Sa (T − T◦ )−


S[CaCO3 ]eq
2/3
,
0.414kB T (ρNA ) ln
K

(17)

where T◦ and µ◦ are the reference temperature
and chemical potential respectively and K is
aqueous equilibrium constant for CaCO3 and its
comprising ions. The term 0.414kB T (ρNA )2/3 ,
is an approximation of the the excess surface
concentration, as derived by Mersmann. 70 A
more precise characterization of the surface concentration with adsorption models could be implemented, such as was done by Donnet et al. 69 ,
but is currently neglected. Utilizing this model
allows for two parameters, Sa and σ(T◦ , µ◦ ),
to be fit for each CaCO3 form and provides a
model with both temperature and composition
dependence. Other models with similar capabilities exist, such as that of van Oss, 71 but van
Oss’s model requires more fitting parameters.
Although the idea that particle properties deviate from bulk-phase properties on the nanoscale has long been discussed, it has recently
gained traction with the surge in nano-scale research. Size-dependent interfacial tension was
originally modeled by Tolman 72 as


2δT
,
(18)
σ = σ∞ 1 −
r

Interfacial Tension

Interfacial tension plays a crucial role in the dynamics of the system. The value of interfacial
tension has an predominate influence on the nucleation rate, is a minor factor in the growth
and dissolution rates (through the Kelvin equation – affecting Ostwald ripening), and can influence the aggregation rate. There is wide variability for reported values of interfacial tension
from the literature. 65–69 The variety of reported
values is likely a result of differing measurement
techniques and experimental methods. These
values are either reported for one set of conditions or averaged, while the framework aims for
validity over significant changes in composition
and temperatures.
With a need for correct values of interfacial
tension, accurate to within < 1% due to nucleation’s sensitivity, we have turned to thermodynamic theory. Characterization of interfacial
tension in an ionic solution that is varying in

where σ∞ is the bulk phase interfacial tension
10

and δT is the Tolman length. A Tolman length
of 0.2 × r1 as recommended by Kalikmanov, 73
where r1 is the molecular radius, is utilized
in the current implementation. The Tolman
length presents another contribution to uncertainty in the results. Determination of this
value is still an active area of research. Sizedependent interfacial tension causes the preliminary critical cluster size to decrease or the fitted interfacial tension parameters to increase.
This effect creates a greater initial burst of nucleation activity.

2.3

QMOM.
dχ X dm3,j
∝
cj
dt
dt
j

(21)

With a value for the extent of reaction, the
available amount of Ca2+ and CO32 – become
constraints in the calculation of the aqueousphase equilibrium. The equilibrium calculation
then provides the necessary value of supersaturation for each of the polymorphs, effectively
completing the phase coupling. Parameterizing
the aqueous-phase equilibrium evolution by a
single variable allows the equilibrium calculations to be performed separately with results
tabulated according to reaction extent.

Coupling Equilibrium Chemistry and Particle-Size Distribution

2.4

Changes in the PSD need to be reflected in
the composition of the aqueous-phase, which
in turn is coupled back to the evolution of
the PSD. In order to accomplish solid-liquid
coupling, changes in both the solid and liquid
phases are related to a reaction-extent variable,
χ. This reaction extent is defined as a normalized amount of precipitated CaCO3 irrespective
of polymorphic form. The material amount represented by each polymorph individually is simply the polymorph’s molar density, cj , multiplied by the polymorph’s total volume, vj .
Z
4πcj
4πcj ∞ 3
m3,j
(19)
r ηj dr =
cj vj =
3
3
r1

Mixing

Imperfect mixing is often neglected when analyzing precipitation processes. This approximation seems unfounded since even fast mixing
timescales (10−3 − 10−1 seconds) will be significantly slower than the nucleation timescales
(10−7 − 10−4 seconds) for CaCO3 with high
supersaturation ratios. Thus mixing will be
the rate limiting process. The experimental
system was described as one liter vessels being mixed with magnetic stirrers and no difference was noted when a screw propeller-spindle
was used. 3 A mixing model can be utilized to
capture the effects on the system’s composition profiles during the mixing period. A more
detailed description of mixing would require
additional information about the experimental setup and conditions. For the simulations
performed here, a three-environment model 74
was selected with a specified mixing time. The
three-environment mixing model initiates with
two mixing environments, which represent the
two feed streams of the experiment, and then
redistributes these two streams into the third
mixing environment over time. This mixing
model is known to be simplistic because it does
not explore the full spectrum of possible compositions, but it does capture the most important
implications of mixing. A conservative range of
mixing timescales for the one-liter vessel with a
magnetic stir bar was explored, from 10−1 –102
seconds. Implications of the selection of mix-

This equation assumes a spherical shape, so
special care must be taken for translating this
into a cylindrical interpretation for aragonite.
The total amount of material in the solid phase
is calculated by summing over all the polymorphs, and the extent of reaction is calculated
by normalizing the total amount by its maximum.
4π X cj m3,j
χ=
(20)
3 j nCaCO3 ,max
The maximum, nCaCO3 ,max , is easily determined
from the stoichiometrically limiting ion. Thus,
the rate of change of the reaction extent is
proportional to the sum of rates for the third
moments, which are already calculated in the
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ing timescale are discussed in Sec. 3. There is
currently no theoretical model for simultaneous
finite mixing rate and nucleation time lag.

3

tal data. Examples of the available distribution characteristics provided by moment methods include the evolution of the number of particles, average size, as well as size variance as
is shown in Fig. 3 and Fig. 4. The optimized
framework configuration described in Sec. 3.3
was utilized to create these examples. Simultaneous tracking of the solid-phase PSD and
the aqueous-phase ionic equilibrium-chemistry
allows for correlations between events in the two
phases as the supersaturation traces in Fig. 4
will be shown to demonstrate.
Both plots in Fig. 3 display an initial period
of nucleation and mixing for all polymorphs until around 10−7 minutes. After nucleation, the
total number traces level out while the average radii continue to increase, indicating that
growth with mixing is occurring. An exception to that trend in noted for ACC, which experiences significant aggregation. Within the
radial standard-deviation plot (Fig. 4) there is
also a distinct upward slope for all polymorphs
during the mixing- and nucleation-dominated
time frame. This slope deviates to downward
once growth takes over as the dominating mechanism. The initial standard deviations become larger due to nucleation occurring at a
varying critical size, which itself spans an order of magnitude. Yet, it should be pointed
out that these normalized standard-deviations
are all small, indicating narrow distributions.
The slope in the standard deviation traces are
continually negative throughout periods dominated by diffusion-limited growth. This is
due to diffusion-limited growth being size dependent, causing the smaller particles to grow
faster than the larger particles, effectively collapsing the PSD. In contrast, aggregation based
growth increases PSD standard-deviations. Aggregation based growth primarily effects ACC,
but also vaterite and calcite to lesser extents
(∼ 10−3 –10−1 seconds). Comparing the supersaturation plot with the particle number density, it can be noted that growth, not nucleation, has a far greater effect upon the system’s supersaturation and is the major means
of phase transformation occurring within the
system.
Now focusing on ACC’s radial standard-

Results

To validate and test the predictive capabilities
of the framework described in Sec. 2, we compared our results with those obtained from experiments conducted by Ogino et al. 3 . Utilizing the temperature and initial system chemical composition description provided by Ogino
et al., system evolutions were calculated. Experimental data was presented primarily in two
forms: the temporal evolution of volumetric
polymorphic abundances and IAP traces. Our
framework can output data in these same forms
by calculating the IAP within the equilibriumchemistry calculations and using the evolution
of the third moments to track polymorph total volumes. Interfacial tension values were
the major source of uncertainty. The framework presented can generate many outputs, not
all of which has corresponding validation data,
that are of interest within precipitation studies. Such output variables will be discussed
first. Next, examples of framework configurations will be discussed and compared to experimental data. Variation is compared to a canonical configuration. Finally, the chosen system
configuration had parameters for the interfacial
tension equation, Eq. 17, optimized and the results are analyzed. General system variables
not specified previously are tabulated below.

3.1

General Results

Utilizing a moment method to track the solid
phase evolution of the precipitation system provides many forms of useful data that are not
being utilized in the current framework validation, but could be insightful for similar applications. Evolving the moments of the particle distribution allows for means, variances, and other
statistics of the particle population to be easily calculated at any time throughout the simulated temporal period, potentially allowing for
other avenues of verification with experimen12
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Figure 3: Framework calculated 0th moment, m0 , (or particle number density) traces over time on
the left and average radial size, m1 /m0 , traces over time on the right for four CaCO3 polymorphs
at 25◦ C. ACC is shown with the dashed line, calcite with the solid line, and vaterite and aragonite
with the dash-dot lines, where vaterite’s dash-dots are shorter than aragonite’s. These are examples
of available data from the QMOM method of calculating PSD evolutions.
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Figure 4: Framework calculated polymorph PSD standard deviation traces normalized by their
respective means shown throughout time are on the left and the respective supersaturation traces
over time are on the right. ACC is shown with the dashed line, calcite with the solid line, and vaterite
and aragonite with the dash-dot lines, where vaterite’s dash-dots are shorter than aragonite’s. A
horizontal supersaturation line at a value of 1 is shown as dashes, smaller and more frequent than
ACC’s, and this line is meant as a reference frame by which the driving force of physical phenomena
can be judged.
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Table 1: Properties used within framework
Polymorph Density 75,76 *
[1.9, 2.64, 2.94, 2.71] × 106
Fluid Density
998.2
Fluid Dynamic Viscosity
1.002 × 10−3
Mixing Time
0.75
Turbulent Dissipation En5000
ergy
ACC Dissolution Constant
9 × 10−9
* ACC, Vaterite, Aragonite, Calcite
deviation and supersaturation curves, its supersaturation drops during growth. Mixing limits growth between ∼ 10−5 –100 seconds. Once
the supersaturation levels out near a value of
one, the driving force behind the growth is no
longer present. This holds first for the smaller
particles, then for the progressively larger particles. This correlates with the slightly positively
sloped region in ACC’s radial standard deviation, demonstrating that growth has indeed
ceased and dissolution begun for the smaller
particles. Next, as the region of the PSD
(where there is a driving force for dissolution)
increases, Ostwald ripening results in the large
spike in the radial standard deviation. As
the other polymorphic forms continue to grow
throughout ACC’s dissolution and coalescence,
the entire ACC PSD becomes energetically favorable for dissolution, and the radial standard
deviation drops off as all of the ACC particles
are dissolved away. Without the aqueous ionic
equilibrium-chemistry model to couple the four
PSDs, dissolution dynamics could not be captured because the growth of the other polymorphic forms is the major driving force behind ACC’s rapid dissolution. The same general PSD evolution then occurs for vaterite and
aragonite, eventually leaving only calcite to experience Ostwald ripening until an equilibrium
is reached. Aragonite’s dissolution does not
have a corresponding drop in the supersaturation traces due to the minimal relative abundance of it present in the system at 25◦ C.
The average radial-size plot illustrates how
particle removal occurs only after particles of
the represented abscissa have mostly dissolved
and the average radial size is dropping quickly
by that point in time. The removal of particles

[g m−3 ]
[kg m−3 ]
[kg s−1 m−1 ]
[s]
[J kg]
[m s−1 ]

from the system, as mentioned in Sec. 2.2.3,
can be noted in the plot of the particle number
density. The linear downward slope is present
because the non-physical death kernel implemented was specifically designed to have a linear slope in log-log space. Again, care has been
taken that particles are sufficiently small that
the shape of this death kernel has negligible
effect ion the equilibrium chemistry or the remaining polymorphs.
Although particle size characteristics were not
tabulated by Ogino et al., figures containing
scanning electron micrographs photos were included. Ogino et al.’s Fig. 5-h depicts vaterite and calcite particles at 50 minutes under
25◦ C conditions. The vaterite and calcite particles shown had radii around two microns, which
the calculated averages are in reasonable agreement. At these same conditions Ogino et al.’s
Fig. 5-e shows ACC particles, seven minutes
into the experiment, to range from around .5
to 2 µm. Although this range does not overlap
with the calculated average radii value of ∼0.1
µm, being within an order of magnitude was
satisfactory when there is such uncertainty in
the nucleation and growth mechanisms of ACC.

3.2

Alternative Configurations

While the aim of the current approach is to implement a basic framework that is able to capture the system’s dynamic trends, many possible alternative configurations were mentioned
within Sec. 2, Theory, and these alternatives
were explored throughout the framework development. When choosing the number of quadrature nodes, initial simulations were run with
two and three nodes. Although the results
14

produced were similar, there were significant
enough differences to justify exploring the use of
more nodes. With four or five nodes, no differences were noted compared to the case of three
nodes. This corresponds to evolving up to ten
moments of each PSD. Thus three quadrature
nodes were used in framework development and
refinement for computational speed.
Within the nucleation model a diffusionlimited reaction-rate coefficient was ultimately
chosen for the final framework, but an interfacelimited variation was also explored.
The
interface-limited reaction-rate coefficient produced results similar to the diffusion-limited
variation and the fitted interfacial-tension reference points and the excess entropy values were
within 0.01% and 2.0% respectively of the optimized diffusion-limited values. Similar behavior was observed by Lindenberg and Mazzotti. 77
The time before the two solutions were considered fully mixed was also explored. During the optimization process of the final framework, a range of mixing times were surveyed
and a mixing time that allowed for the majority of the mixing to occur prior to 1.5 seconds,
with complete mixing around 5.0 seconds was
selected. This mixing time reduced the variance between the simulated and validation data
the most, while also being considered physically realistic. Further comparisons with particle size distributions and number density, if
available, could lead to greater understanding
of the mixing event. The time lag parameter,
calculated for transient nucleation based upon
Kashchiev 35 , was not found to have a notable
effect on the calculated results.
Fig. 5 depicts polymorphic abundances at
25◦ C and compares calculated profiles with experimental data extracted from Ogino et al..
The polymorphic abundance data calculated for
Fig. 5 utilized interfacial tension values optimized to fit the 25◦ C experimental data, with
greater emphasis on the short timescales. The
framework configuration for this figure consisted of aggregation, mixing, and diffusion limited kinetics for growth and dissolution of all
CaCO3 forms except ACC’s dissolution that
used a kinetically limited rate in the form of
Eq. 13 with the rate constant listed in Table 1.

This simple configuration captured slopes and
timescales reasonably well to be utilized as a
standard for comparison.
Although the profiles shown in Fig. 5 do
an adequate job of matching the experimental
data, their inconsistencies can be used as points
of comparison with alternative configurations.
These inconsistencies include ACC’s polymorphic abundance not remaining near 100% polymorphic abundance until ∼1.5 minutes, vaterite crossing over calcite’s polymorphic abundance at ∼3.5 minutes, and resultant dampened
slopes. The two most fundamentally significant options explored during framework development dealt with the selection of the growth
and nucleation mechanisms.
Heterogeneous nucleation is believed to be
present in the system of interest, but the magnitude of its contribution is not known. Fig. 6 depicts how simultaneous implementation of heterogeneous and homogeneous nucleation allows
the calculated system to more closely reproduce the polymorphic abundance profiles found
in Ogino et al. including the delays of calcite and vaterite growth, the cross over of the
two polymorphs at around 3.5 minutes and the
general slopes of each polymorph’s volumetric
abundance. The implementation of heterogeneous nucleation introduces unknown parameters, which along with interfacial tension values
were optimized to produce Fig. 6. Although
the results give credibility to the idea that a
significant amount of heterogeneous nucleation
may be occurring in the system, the heterogeneous nucleation model adds too many degrees
of freedom to the framework to be conclusive.
In order to avoid overfitting, only homogeneous
nucleation was used in the final framework.
Other possible framework configurations include implementing different growth and dissolution mechanisms or switching between mechanisms as was mentioned in Sec. 2.2.2. Fig. 7
demonstrates how a transition between growth
mechanisms captures dynamics that were absent from the calculated profiles in Fig. 5. For
the simulation shown in Fig. 7, a transition
in vaterite’s growth mechanism from diffusion
limited to screw dislocation occurs at a supersaturation value of 47 and the interfacial ten15
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Figure 5: Polymorphic abundance traces over time at 25◦ C, where calculated data (lines) is compared to experimental data (symbols) extracted from Ogino et al. 3 . Experimental ACC data are
shown as the triangles, calculated ACC data are the dashed lines, experimental vaterite data are
the circles, calculated vaterite data are the dash-dot lines, experimental calcite data are the squares,
and calculated calcite data are the solid line. Aragonite values are near zero throughout time in
both plots. Interfacial tension values used within the framework were optimized to fit experimental
data at 25◦ C with greater emphasis on the short term timescale values.
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Figure 6: Polymorphic abundances at 25◦ C calculated utilizing simultaneous heterogeneous and
homogeneous nucleation models with fitted interfacial tensions and heterogeneous nucleation parameters. Growth and dissolution mechanisms were diffusion based. Calculated data (lines) is
compared with experimental data extracted from Ogino et al. 3 (symbols). Experimental ACC
data are shown as the triangles, calculated ACC data are the dashed lines, experimental vaterite
data are the circles, calculated vaterite data are the dash-dot lines, experimental experimental calcite data are the squares, and calculated calcite data are the solid line. A purely homogeneous
nucleation equivalent can be seen in Fig. 5.
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Figure 7: Polymorphic abundances at 25◦ C calculated, where vaterite’s growth mechanism switched
from diffusion limited to a screw dislocation mechanism at a supersaturation value of 47, all other
growth and dissolution mechanisms were diffusion based and interfacial tensions were fitted. Calculated data (lines) is compared with experimental data extracted from Ogino et al. 3 (symbols).
Experimental ACC data are shown as the triangles, calculated ACC data are the dashed lines, experimental vaterite data are the circles, calculated vaterite data are the dash-dot lines, experimental
calcite data are the squares, and calculated calcite data are the solid line.
sion values were again fitted. Using multiple growth mechanisms for vaterite allows for
the short term crossover behavior to be captured, but choosing a transition point is somewhat arbitrary and similar behaviors can be
observed for a range of supersaturation values
by altering interfacial tension values. Other
growth mechanisms not currently being considered would be transitioned through in between
these two mechanisms. The multiple growth
mechanism implementation captures polymorphic abundance slopes that bear a closer resemblance to the experimental data. Unfortunately, the simulations run using multiple
growth mechanisms for vaterite and/or aragonite had long term behaviors that were extensively longer than the validation data, so this
tendency would also need to be overcome for
general implementation.
Due to the extent of recent research on calcite’s growth and dissolution rates, more complex mechanisms from literature sources were
considered. Wolthers et al.’s 53 mechanism,
with ionic ratio and pH dependence, was implemented for calcite’s growth at low supersaturation. A transition between diffusion limited

and Wolthers et al.’s kinetically limited mechanism was found to function well at a supersaturation around 1.5. Due to the incorporation of temperature dependence into Plummer
et al.’s 49 model, it was implemented for the validation case.

3.3

Optimized Results

The final framework was configured with mixing, homogeneous nucleation (without time
lag), aggregation, diffusion limited growth for
all CaCO3 forms except calcite at supersaturations below 1.5 where Wolthers et al.’s 53 mechanism is used, kinetically limited dissolution
rate in the form of Eq. 13 with the rate constant listed in Table 1 for ACC, diffusion limited dissolution for vaterite and aragonite, and
Plummer et al.’s 49 dissolution mechanism for
calcite. A Nelder-Mead optimization was utilized to fit the intercept and slope parameters
of the interfacial tension model (described in
Sec. 2.2.5). The error kernel being minimized
is based on the root square error between the
polymorphic abundance and IAP extracted experimental data at all temperatures provided
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within Ogino et al. 3 . The optimized parameters are shown in Table 2. Fig. 8 demonstrates
the performance of the optimized parameters in
the interfacial tension model over a wide range
of temperatures and gives a visual of part of the
error kernel utilized.
One means of visualizing and gauging the success of the interfacial tension model with the
optimized parameter values is the metastable
polymorphic abundances across the experimental temperature range. The metastable stage
is interpreted as occurring after the majority of
ACC dissolves and the IAP plot reaches its second flat region (see Fig. 10). A table of times
to reach the metastable stage was included
in Ogino et al. 3 and was used to define the
framework produced polymorphic abundances
in Fig. 9. The metastable stage can be seen in
Fig. 10 as occurring around six and three minutes for the 25◦ C and 50◦ C systems. Fig. 9
substantiates the performance of the interfacial tensions model by overlaying the results
on the metastable polymorphic abundances observed by Ogino et al. The short time-scales of
the higher temperatures have better agreement
with the experimental data, but the qualitative shapes were captured – albeit dampened
in amplitude. Deviations between the calculated values and the experimental data can be
attributed to a compound effect of the approximations and assumptions introduced within the
framework. As was discussed in Sec. 2.2.2, there
is a large body of literature on calcite’s dissolution mechanism. Unfortunately, there is far
less information available on temperature and
composition dependent dissolution mechanisms
of the three other forms of CaCO3 . Approximating ACC’s dissolution rate with a temperature independent kinetically limited model and
vaterite and aragonite’s dissolution rates as diffusion limited is likely a key factor in the poor
performance of the long timescales.
The IAP plots shown in Fig. 10 can be used
to observe the general timescales at which processes are occurring. Within Fig. 10 calculated IAP traces are compared with experimental data extracted from Ogino et al. 3 and
that data once correlated with the Pitzer equation based chemistry. 18 The experimental data

has poor agreement with initial calculated IAP.
It can be noted that during the initial drop
in IAP, nucleation of all forms of CaCO3 is
occuring, but the experimental data remains
above ACC’s solubility prior to ACC’s dissolution. Once correlated the IAP trace settles to
values below ACC’s solubility. When multiple
polymorphic forms are present, the IAP values
are expected to be below the solubility line of
the currently least stable polymorph, which initially is ACC. The IAP then maintains a generally flat trend until the majority of ACC has
dissolved. Such flat trends are known as metastable periods. Then the IAP drops near to the
next least stable polymorph’s solubility, which
is vaterite for both cases shown. This process is
repeated for aragonite and calcite with differing
lengths of metastability between drops, except
at 25◦ C where aragonite’s metastable region is
not present due to aragonite’s instability at this
temperature. Although the correlated data performs well near ACC and vaterite’s solubilities,
the correlated IAPs become overly low when
aragonite and calcite are predominate. There
are many possible explanations for this occurrence, one being probe fouling.
The general behaviors of the IAP and polymorphic abundance curves were all captured
reasonably well considering the basic models
used for the particle physics and the assumptions made throughout the framework. It is
noteworthy that primarily using diffusion limited growth and dissolution models was able to
capture the general short timescales of the process at a variety of temperatures as can be seen
in Fig. 8. Although many other kinetic mechanism are known to be present in CaCO3 systems, the high initial supersaturation allowed
the short time scales to be captured well with
diffusion based models. Calcite had additional
kinetic models enacted for its dissolution and
growth, but due to the system approaching
equilibrium, they had minor effects. The addition of more growth models for describing applicable supersaturation regimes for each polymorph would likely increase consistency with
the validation data, but this is left as a future
endeavor.
In the IAP plots provided by Ogino et al.,
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Figure 8: Comparison of calculated polymorphic abundance traces (lines) over time with all polymorphic abundance data presented within Ogino et al. 3 (symbols), which range over temperatures.
Experimental ACC data are shown as the left pointing triangle, calculated ACC data are the dashed
lines, experimental vaterite data are the circles, calculated vaterite data are the shorter dash-dot
lines, experimental aragonite data are the right facing triangles, calculated aragonite data are the
longer dash-dot lines, experimental calcite data are the squares, and calculated calcite data are the
solid line. The calculated profiles shown reflect points utilized in optimization search of interfacial
tension model parameter space.
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Table 2: Interfacial tension model parameters from optimization
Polymorph σ25◦ C,µ◦ [mJ m−2 ] −SaE [mJ m−2 K−1 ]
ACC
-12.6
2.47 × 10−2
Vaterite
64.6
3.57 × 10−2
Aragonite
96.3
−3.16 × 10−1
Calcite
8.94
1.06 × 10−1
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Figure 9: Comparison of calculated polymorphic abundance traces (lines) at the metastable stage
with experimental data from Ogino et al. 3 (symbols) over a range of temperatures. The time at
which the system reaches the metastable stage is defined as once the system’s IAP levels out after
the majority of ACC has dissolved. Experimental vaterite data are the circles, calculated vaterite
data are the shorter dash-dot lines, experimental aragonite data are the right facing triangles,
calculated aragonite data are the longer dash-dot lines, experimental calcite data are the squares,
and calculated calcite data are the solid line. The tabulated times from Ogino et al. 3 were used
to determine the calculated data except for 13◦ C, which has to use a longer time due to ACC still
being significantly present in the system at the tabulated time.
tion points include a change in the dissolution
mechanism of ACC, a bimodal ACC distribution, non-classical nucleation, or a connection
with heterogeneous nucleation.
To further support the possibility of an additional variety of ACC existing, it can be noted
that prior to the inflection point, the IAP curve
correlated from Ogino et al. is slightly below
the known solubility of ACC at 25◦ C and 50◦ C,
while after the inflection point the IAP stabilizes at a value still well above vaterite’s solubility. All of the other inflection points on the
IAP curves correspond to reaching metastable
states, so it is reasonable to assume that the
observed inflection point also corresponds to a
new metastable state. The final dip in the IAP

the information for the initial seconds of the
reaction is masked and unclear due to the time
resolution of the reported data. There is a large
drop in the IAP, but this is shown to occur in
less than one minute. Resolved data for the
initial seconds of the experiment could allow
for greater understanding of mixing and nucleation within the system. In both IAP plots of
the original data there are noticeable and unexplained inflection points, prior to reaching the
metastable stage, labeled in Fig. 10 with an
‘a’. The current approach is unable to recreate the inflection points, but it seems plausible that a secondary form of ACC could be the
cause as discussed in Cartwrigth et al. 78 and
Radha et al.. 79 Alternative causes of the inflec20
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tion to pure calcite, is notably late for the calculated data. This discrepancy can be better understood through analysis of the polymorphic
abundance plots.
The polymorphic abundance plots (Fig. 8)
reveal another physical phenomena during the
initial 1.0−2.0 minutes at 25◦ C, 0.5−0.75 minutes at 50◦ C and until near 0.3 minutes at 60◦ C
and 70◦ C, which the current particle physics
models do not capture. This phenomena can be
viewed as a longer period of stability for ACC
or as a delay in the nucleation and growth of
the other polymorphs. A longer period of ACC
stability could also be expected if two forms
of ACC were lumped together when calculating polymorphic abundances. Nucleation induction times were investigated as the cause of
the delay, but the order of magnitude required
to have a similar effect clashes with timescales
predicted in the literature. 35 Other possible explanations include an under-prediction of the
initial ACC nucleation or the nucleation of the
polymorphs being heterogeneous rather than
homogeneous. While the cause of the delay remains undetermined, it is evidently a temperature dependent phenomena that becomes less
influential with increased temperatures. As a
repercussion of not capturing the initial delay
with the particle physic models, the interfacial
tension values found to best capture the overall system timescales cause the short and long
timescale polymorphic abundances to have deviation from the experimentally found values
and the slopes generated by the framework were
generally dampened.
For temperatures 25◦ C and 50◦ C as depicted
in Fig. 8, there is a point at which (as observed
in the experimental but not calculated data)
the polymorphic abundance of vaterite becomes
more prevalent than that of calcite. This
crossover occurs on the short term timescale
and then reverses in the long term. The short
term crossover at 50◦ C is not shown on the
plot itself, but can be deduced from the polymorphic abundances on the long term plot and
metastable polymorphic abundances shown in
Fig. 9. While the crossovers in the long term
plots are due to calcite being the most stable polymorphic form, the short term crossover
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Figure 10: Ion activity product traces at 25◦ C
and 50◦ C over time, comparing experimental
and corrected data from Ogino et al. 3 (wide
gaped and narrow gaped dotted lines respectively) and calculated profiles (solid line). The
solubilities of each polymorph are also shown
for comparison with meta-stable periods (flat
trends) of the particle population, where the
shorter dashed lined is ACC’s solubility, the
dash-dot line is vaterite’s solubility, the doted
line is aragonite’s solubility, and the longer
dashed line is calcite’s solubility. Arrows point
to ‘a’ inflection points that are caused by an
unknown particle phenomena and are not captured by framework.
curves, corresponding to the final transforma21

could be attributed heterogeneous nucleation or
to a shift in growth mechanism as was demonstrated in Sec. 3.2.
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with an aqueous ionic equilibrium-chemistry
model and a mixing model, in order to capture
complete multiphase system dynamics. The
framework presented can provide multiple outputs, not all of which had corresponding validation data, that are of interest within precipitation studies such as PSDs. Additional framework configurations could be tested with alternative physical or chemical models such as a
non-classical nucleation models.
Ultimately, a simple configuration that minimizes error over unknown variables was implemented to display the framework’s strength.
Through calculated results inter-polymorph effects were observed as well as dynamics within
each polymorph’s own PSD such as Oswald
ripening. When utilizing optimized parameters
for the interfacial tension model, the framework
was validated through comparison with Ogino
et al. 3 ’s experimental data. The framework,
while only fitting interfacial tension parameters, produced results that resembled the temperature varying experimental data even with
known assumptions and uncertainties. This
framework could be used by experimentalists to
further explore currently relevant physical phenomena such as heterogeneous nucleation and
non-classical nucleation.

(1) Steefel, C.; van Cappellen, P. Geochim.
Cosmochim. Acta 1990, 54, 2657–2677.
(2) Noguera, C.; Fritz, B.; Clément, A.;
Baronnet, A. J. Cryst. Growth 2006, 297,
187–198.
(3) Ogino, T.; Suzuki, T.; Sawada, K.
Geochim. Cosmochim. Acta 1987, 51,
2757–2767.
(4) Lin, Y.-P.; Singer, P. Geochim. Cosmochim. Acta 2005, 69, 4495–4509.
(5) Stack, A.; Grantham, M. Cryst. Growth
Des. 2010, 10, 1409–1413.
(6) Gebrehiwet, T.; Redden, G.; Fujita, Y.;
Beig, M.; Smith, R. Geochim. T. 2012,
13 .
(7) Bracco, J.; Stack, A.; Steefel, C. Env. Sci.
Technol. 2013, 47, 7555–7562.
(8) Chou, L.; Garrels, R.; Wallast, R. Chem.
Geol. 1989, 78, 269–282.
(9) Pokrovsky, O.; Golubev, S.; Schott, J.;
Castillo, A. Chem. Geol. 2009, 265, 20–
32.
(10) Ruiz-Agundo, E.; Putnis, C.; RodriguezNavarro, C.; Putnis, A. Geochim. Cosmochim. Acta 2011, 75, 284–296.
(11) Rodriguez-Blanco, J.; Shaw, S.; Benning, L. Nanoscale 2011, 3, 265–271.

Acknowledgments

(12) Bots, P.; Benning, L.; RodriguezBlanco, J.; Roncal-Herrero, T.; Shaw, S.
Cryst. Growth Des. 2012, 12, 3806–3814.

This research was sponsored by the National
Nuclear Security Administration under the Accelerating Development of Retrofitable CO2

(13) Gebauer, D.; Völkel, A.; Cölfen, H. Science 2008, 322, 1819–22.
22

(14) Gebauer, D.; Völkel, A.; Cölfen, H. Nano
Today 2011, 6, 564–584.

(30) Zeldovich, J. Zh. Eksp. Teor. Fiz. 1942,
12 .

(15) Raiteri, P.; Gale, J. J. Am. Chem. Soc.
2010, 132, 17623–17634.

(31) Katz, J. J. Colloid Interface Sci. 1977, 61,
351–355.

(16) Ostwald, W. Z. Phys. Chem. 1897, 22,
289–330.

(32) Kashchiev, D.; van Rosmalen, G. Cryst.
Res. Tech. 2003, 38, 555–574.

(17) Threlfall, T. Org. Process Res. Dev. 2003,
7, 1017–1027.

(33) Dirksen, J. A.; Ring, T. Chem. Eng. Sci.
1991, 46, 2389–2427.

(18) Goodwin, D.; Malaya, N.; Moffat, H.;
Speth, R. Cantera: An object-oriented
software toolkit for chemical kinetics,
thermodynamics, and transport processes.
https://code.google.com/p/cantera/,
2013.

(34) Kelton, K.; Greer, A. Nucleation in Condensed Matter: Applications in Materials
and Biology, 1st ed.; Pergamon Materials
Series; Peramon, 2010; Vol. 15.
(35) Kashchiev, D. Surf. Sci. 1969, 14, 209–
220.

(19) Plummer, L.; Busenberg, E. Geochim.
Cosmochim. Acta 1982, 46, 1011–1040.

(36) Kelton, K.; Greer, A.; Thompson, C. J.
Chem. Phys. 1983, 79, 6261–6276.
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(57) Cubillas, P.; Köhler, S.; Prieto, M.; C., C.;
Oelkers, E. Chem. Geol. 2005, 216, 59–77.

(73) Kalikmanov, V. Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys. 1997, 55, 3068–
3071.

(58) Yuan, C.; Laurent, F.; Fox, R. J. Aerosol
Sci. 2012, 51, 1–23.
(59) Marchisio, D.; Vigil, R.; Fox, R. Chem.
Eng. Sci. 2003, 58, 3337–3351.

(74) Fox, R. Computational Model for Turbulent Reacting Flows; Cambridge Series in
Chemical Engineering; Cambridge University Press, 2003.

(60) Liew, T.; Barrick, J.; Hounslow, M. Chem.
Eng. Technol. 2003, 26, 282–285.

(75) Faatz, M.; Cheng, W.; Wegner, G. Langmuir 2005, 21, 6666–6688.

(61) Elimelech, M.; Gregory, J.; Jia, X.;
Williams, R. Particle Deposition and
Aggregation: Measurement Modelling and
Simulation;
Butterworth-Heinemann,
1998; Chapter 6.

(76) Anthony, J., Bideaux, R., Bladh, K.,
Nichols, M., Eds. Handbook of Minerology; Mineralogical Society of America:
http://www.handbookofmineralogy.org,
2001–2005.

24

(77) Lindenberg, C.; Mazzotti, M. J. Cryst.
Growth 2009, 311, 1178–1184.
(78) Cartwrigth, J.; Checa, A.; Gale, J.;
Gebauer, D.; Sainz-Dı́as, C. Angew.
Chem., Int. Ed. 2012, 51, 11960–11970.
(79) Radha, A.; Forbes, T.; Killian, C.;
Gilbert, P.; Navrotsky, A. Proc. Natl.
Acad. Sci. U.S.A. 2010, 107, 16438–
16443.

25

