
Motivation

https://energy.sandia.gov/programs/nuclear-energy/nuclear-
energy-safety-security/

• Soot formation is a key process in flames and fires 
• Radiative heat transfer 

• Incomplete combustion 

• Environmental and health impacts 

• Soot affects radiation, which affects temperature, which 
affects soot… 

• Modeling soot formation is challenging 
• Complex chemistry among many species 

• Representation of the particle size distribution 

• Potentially several PSD coordinates 

• Large range of scales 

• Combustion simulations 
• complex chemistry, turbulent flow, multicomponent mass transfer, 

radiative heat transfer, soot formation 

• Burden on users/developers for submodel expertise 

• Availability of libraries that offload submodels facilitates code 
development and progress 

• Chemkin, Cantera, etc.



Leung et al. 
• K. M. Leung, R. P. Lindstedt, W. P. Jones, A simplified 

reaction mechanism for soot formation in nonpremixed 
flames, Combustion and Flame 87 (1991) 289–305 

• C2H2 → 2Csoot + H2 

Lindstedt 
• R. P. Lindstedt, Simplified soot nucleation and surface 

growth steps for non-premixed flames, in: H. Bockhorn 
(Ed.), Soot Formation in Combustion, no. 59 in Springer 
Series in Chemical Physics, Springer-Verlag Berlin 
Heidelberg, 1994, pp. 417–441 

• C2H2 → 2Csoot + H2 

• ( C6H6 → 6Csoot + 3H2 ) 

Soot Processes: Nucleation

PAH Nucleation, Blanquart & Pitsch 
• G. Blanquart, H. Pitsch, A joint volume-surface-hydrogen 

multi-variate model for soot formation, in: H. Bockhorn, A. 
D’Anna, A. F. Sarofim, H. Wang (Eds.), Combustion 
Generated Fine Carbonaceous Particles, KIT Scientific 
Publishing, 2009, pp. 437–463. 

• 8 PAH species 

• Free molecular PAH collisions to form PAH Dimers  

• PAHi + PAHi → Dimer 

• Only self-collision assumed 

• Dimers not distinguished 

• Dimer coagulation to form soot 

• Dimer + Dimer → Csoot 

• Dimers assumed in steady state, quadratic eqn: 
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Leung et al. 
• C2H2 +Cn,soot → Cn+2,soot + H2 

•   

Lindstedt 
• C2H2 +Cn,soot → Cn+2,soot + H2 

•    

Soot Processes: Growth

HACA  
• ABF mechanism: Appel, Bockhorn, Frenklach, 

Combustion and Flame 121:122-136 (2000). 

• C* from QSSA over given reactions 

• Reverse reactions from Ken Revzan and 
Frenklach 02/15/02 code soot.f: 
combustion.berkeley.edu/soot/codes/routines.html 

• Rate is proportional to frac. available surf. sites α  

• a(T), b(T) from Balthasar and Frenklach, Combust. 
Flame 140:130-145 (2005)

Semi-empirical Detailed

PAH Condensation
• Consistent with PAH nucleation 

• DCxHy +Cn,soot → Cn+x,soot + (y/2)H2 

• Dimer size computed as weighted average over PAH 
contributions to PAH nucleation

Rcnd,k = �D,CknC,knDmD (=) kg/m3s
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C-H + H ⌦ C* + H2

C-H + OH ⌦ C* + H2O

C* + H ! C-H
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C* + O2 ! 2CO
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O2 Global: Leung, Lindstedt, Jones 
1991 
• Csoot + (1/2)O2 → CO

Soot Processes: Oxidation

O2 Global: Lee, Thring, Beer 1962 
• Csoot + (1/2)O2 → CO

O2 Elementary: Nagle, Strickland-
Constable 1962 
• Csoot + (1/2)O2 → CO 

• Graphite rods

OH Elementary Neoh, Howard, 
Sarofim 1981 
• Csoot + OH → CO + H 

• R (=) kg/m2s, POH (=) atm, T (=) K

Optimized O2, OH: Guo, Anderson, 
Sunderland 2016 
• Csoot + (1/2)O2 → CO 

• Csoot + OH → CO + H 

• Optimized among 12 experiments. 

• OH efficiency = 0.1

Optimized O2, OH: Josephson et al. 2017 
• Csoot + (1/2)O2 → CO 

• Csoot + OH → CO + H 

• Optimized among 13 experiments using Bayesian 
statistics. 

• OH efficiency = 0.15

HACA O2, OH: Appel, Bockhorn, Frenklach 
2000 
• Csoot + OH → CO + H; from Neoh 

• C* + (1/2)O2 → CO 

• Same rate as used in HACA for C* from QSSA
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• Harmonic mean  

• A more theoretically-based transition by 
Fuchs is also implemented

Soot Processes: Coagulation

• Assume spherical particles 

• Two regimes 

• Free molecular: small particles 

• D << λmfp 

• Continuum: large particles 

• D >> λmfp 

• Note, λmfp is the mean free path 
of the particle, not the gas.
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PSD: Sectional

• Can’t afford to consider all soot sizes 
• 50 nm particle ~ 6 million C’s 

• Divide the PSD into sections 

• Assume uniform size within a section 

• Geometrically spaced 

• Nucleation is into the first bin 

• Growth and oxidation are transport in 
the size coordinate, written in ni. 

• Coagulation “lands” between bins 
• Assign to neighbors: conserve # and m

Example: premixed flame evolution
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PSD: Method of Moments (MOM)

• Sectional models still require many bins 

• Instead, solve for moments of the PSD

<latexit sha1_base64="XNORqTqDp5Vmdlwnb2O0pbTbi4U=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjRd0IRTduhAr2Ae04ZDKZNkySGZKMUEvxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgZVRpx/m2FhaXlldWC2vF9Y3NrW17Z7epkkxi0sAJS2Q7QIowKkhDU81IO5UE8YCRVhBfjf3WA5GKJuJOD1LicdQTNKIYaSP59v6NH8ML2KVCQ34fizI/Drlvl5yKMwGcJ25OSiBH3be/umGCM06Exgwp1XGdVHtDJDXFjIyK3UyRFOEY9UjHUIE4Ud5wkn4Ej4wSwiiR5pkUE/X3xhBxpQY8MJMc6b6a9cbif14n09G5N6QizTQReHooyhjUCRxXAUMqCdZsYAjCkpqsEPeRRFibwoqmBHf2y/OkeVJxTyvV22qpdpnXUQAH4BCUgQvOQA1cgzpoAAwewTN4BW/Wk/VivVsf09EFK9/ZA39gff4AleCUCg==</latexit>

Mk =

Z
mkn(m)dm

<latexit sha1_base64="f7gcROS2guanchDOR6g1fBOX5zY=">AAACGHicbVBNS8NAFNzU7/oV9ehlsQieaiJFvQiiFy9CRatCU8Nms9Elu0nYfRFKyM/w4l/x4kERr735b9y0Pah1YGGYecO+N0EmuAbH+bJqU9Mzs3PzC/XFpeWVVXtt/VqnuaKsQ1ORqtuAaCZ4wjrAQbDbTDEiA8Fugvi08m8emdI8Ta6gn7GeJPcJjzglYCTf3vUiRWgRnvtxWYRQ4iPs8QSwvIu9MIXisgxlpY24H/t2w2k6Q+BJ4o5JA43R9u2BydJcsgSoIFp3XSeDXkEUcCpYWfdyzTJCY3LPuoYmRDLdK4aHlXjbKCGOUmWeWWqo/kwURGrdl4GZlAQe9F+vEv/zujlEh72CJ1kOLKGjj6JcYEhx1RIOuWIURN8QQhU3u2L6QExTYLqsmxLcvydPkuu9prvfbF20Gscn4zrm0SbaQjvIRQfoGJ2hNuogip7QC3pD79az9Wp9WJ+j0Zo1zmygX7AG37bMoDM=</latexit>

dMk

dt
=

Z
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• The moment source term involves integration 
over the unknown size distribution n(m). 

• This requires a method for closure 

• For soot growth, the closure of the fractional 
moments Mk-1/3 are needed.

Soot Growth Source
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m = ⇢s
⇡

6
D3

<latexit sha1_base64="uDAvV9jkVXzwMCAg/FXCMhGf31A="></latexit>

Ṡk,G = ks⇡

✓
6

⇡⇢s

◆2/3

kMk�1/3



Closure Approaches

PSD: Method of Moments (MOM)

• Sectional models still require many bins 

• Instead, solve for moments of the PSD

<latexit sha1_base64="XNORqTqDp5Vmdlwnb2O0pbTbi4U=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjRd0IRTduhAr2Ae04ZDKZNkySGZKMUEvxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgZVRpx/m2FhaXlldWC2vF9Y3NrW17Z7epkkxi0sAJS2Q7QIowKkhDU81IO5UE8YCRVhBfjf3WA5GKJuJOD1LicdQTNKIYaSP59v6NH8ML2KVCQ34fizI/Drlvl5yKMwGcJ25OSiBH3be/umGCM06Exgwp1XGdVHtDJDXFjIyK3UyRFOEY9UjHUIE4Ud5wkn4Ej4wSwiiR5pkUE/X3xhBxpQY8MJMc6b6a9cbif14n09G5N6QizTQReHooyhjUCRxXAUMqCdZsYAjCkpqsEPeRRFibwoqmBHf2y/OkeVJxTyvV22qpdpnXUQAH4BCUgQvOQA1cgzpoAAwewTN4BW/Wk/VivVsf09EFK9/ZA39gff4AleCUCg==</latexit>

Mk =

Z
mkn(m)dm

<latexit sha1_base64="f7gcROS2guanchDOR6g1fBOX5zY=">AAACGHicbVBNS8NAFNzU7/oV9ehlsQieaiJFvQiiFy9CRatCU8Nms9Elu0nYfRFKyM/w4l/x4kERr735b9y0Pah1YGGYecO+N0EmuAbH+bJqU9Mzs3PzC/XFpeWVVXtt/VqnuaKsQ1ORqtuAaCZ4wjrAQbDbTDEiA8Fugvi08m8emdI8Ta6gn7GeJPcJjzglYCTf3vUiRWgRnvtxWYRQ4iPs8QSwvIu9MIXisgxlpY24H/t2w2k6Q+BJ4o5JA43R9u2BydJcsgSoIFp3XSeDXkEUcCpYWfdyzTJCY3LPuoYmRDLdK4aHlXjbKCGOUmWeWWqo/kwURGrdl4GZlAQe9F+vEv/zujlEh72CJ1kOLKGjj6JcYEhx1RIOuWIURN8QQhU3u2L6QExTYLqsmxLcvydPkuu9prvfbF20Gscn4zrm0SbaQjvIRQfoGJ2hNuogip7QC3pD79az9Wp9WJ+j0Zo1zmygX7AG37bMoDM=</latexit>

dMk

dt
=

Z
mkṠdm = Ṡk

<latexit sha1_base64="vYYKBYW0/yYl8oUIU75qFZ9IMtY=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0FImrArQW2EoI1lRPOAJITZ2dlkyOzsMnNXCMu2Nv6KjYUitv6BnX/j5FFo4oGBwzn3cOceLxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLV9ohmgkvWAA6CtWPFSOgJ1vJG1xO/9cCU5pG8h3HMeiEZSB5wSsBIfRt3A0Vo6stSWM5SHzJ8ibt+BOldVppo5b5ddCrOFHiZuHNSRHPU+/aXydMkZBKoIFp3XCeGXkoUcCpYVugmmsWEjsiAdQyVJGS6l04vyfCJUXwcRMo8CXiq/k6kJNR6HHpmMiQw1IveRPzP6yQQXPRSLuMEmKSzRUEiMER4Ugv2uWIUxNgQQhU3f8V0SEw1YMormBLcxZOXSfO04p5VqrfVYu1qXkceHaFjVEIuOkc1dIPqqIEoekTP6BW9WU/Wi/VufcxGc9Y8c4j+wPr8AeK6mSw=</latexit>

dn(m)

dt
= Ṡ(n(m))

• The moment source term involves integration 
over the uknown size distribution n(m). 

• This requires a method for closure 

• For soot growth, the closure of the fractional 
moments Mk-1/3 are needed.

• Assumed shape n(m) 
• Monodispersed 

• Lognormal 

• (Power-law + lognormal) 

• Interpolative closure 
• Interpolate whole order moments 

to fractional moments 

• Quadrature 
• QMOM 

• (DQMOM) 

• (CQMOM)



PSD: Assumed Shape n(m)

• Assumed shape n(m) 
• Monodispersed 

• Lognormal 

• (Power-law + lognormal) 

• Interpolative closure 
• Interpolate whole order moments 

to fractional moments 

• Quadrature 
• QMOM 

• (DQMOM) 

• (CQMOM)

Monodispersed Lognormal

• Simplest model 

• 2 moments 

• M0: number density,  #/m3 

• M1: soot mass density, kg/m3 

• M1 = ρYs 

• fv = M1/ρs 

•    

• Direct integration without closure 

• Single (but variable) size 

• Special case of QMOM

<latexit sha1_base64="YSsbF1rmaaNcqrb5eW1upP1uHPg=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSxCu7AkUtSNUHTjsoJ9QBPKZDJph85MwsxEKKFu/BU3LhRx61+482+ctllo64ELh3Pu5d57goRRpR3n21paXlldWy9sFDe3tnd27b39lopTiUkTxyyWnQApwqggTU01I51EEsQDRtrB8Gbitx+IVDQW93qUEJ+jvqARxUgbqWcfijKvwCvohYRpVOanXoBkxseVnl1yqs4UcJG4OSmBHI2e/eWFMU45ERozpFTXdRLtZ0hqihkZF71UkQThIeqTrqECcaL8bPrBGJ4YJYRRLE0JDafq74kMcaVGPDCdHOmBmvcm4n9eN9XRpZ9RkaSaCDxbFKUM6hhO4oAhlQRrNjIEYUnNrRAPkERYm9CKJgR3/uVF0jqruufV2l2tVL/O4yiAI3AMysAFF6AObkEDNAEGj+AZvII368l6sd6tj1nrkpXPHIA/sD5/AFvFlZQ=</latexit>

n(m) = �(m� m̄)
<latexit sha1_base64="AIcA3VVEfe+AP8qnXHOqKYU8G00=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwIWVGiropFN24ESrYh3SGIZNm2tBMMiQZoQzzE278FTcuFHEruPNvTB8LbT2QcHLOvdzcEyaMKu0431ZhaXllda24XtrY3NresXf3WkqkEpMmFkzITogUYZSTpqaakU4iCYpDRtrh8Grstx+IVFTwOz1KiB+jPqcRxUgbKbBPvBDJLM5hDXqRRDi7CdzcXE5em749ORDwPlB5xvPALjsVZwK4SNwZKYMZGoH95fUETmPCNWZIqa7rJNrPkNQUM5KXvFSRBOEh6pOuoRzFRPnZZKscHhmlByMhzeEaTtTfHRmKlRrFoamMkR6oeW8s/ud1Ux1d+BnlSaoJx9NBUcqgFnAcEexRSbBmI0MQltT8FeIBMmFoE2TJhODOr7xIWqcV96xSva2W65ezOIrgAByCY+CCc1AH16ABmgCDR/AMXsGb9WS9WO/Wx7S0YM169sEfWJ8/aVufAw==</latexit>

m̄ =
M1

M0
=

⇢Ys

n

<latexit sha1_base64="NoXoneH/qU3PC5VzXQ3NeXU77cY="></latexit>

n(m) =
M0

�
p
2⇡

1

m
exp

✓
� log2(m/m̄)

2�2

◆

<latexit sha1_base64="XNORqTqDp5Vmdlwnb2O0pbTbi4U=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjRd0IRTduhAr2Ae04ZDKZNkySGZKMUEvxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgZVRpx/m2FhaXlldWC2vF9Y3NrW17Z7epkkxi0sAJS2Q7QIowKkhDU81IO5UE8YCRVhBfjf3WA5GKJuJOD1LicdQTNKIYaSP59v6NH8ML2KVCQ34fizI/Drlvl5yKMwGcJ25OSiBH3be/umGCM06Exgwp1XGdVHtDJDXFjIyK3UyRFOEY9UjHUIE4Ud5wkn4Ej4wSwiiR5pkUE/X3xhBxpQY8MJMc6b6a9cbif14n09G5N6QizTQReHooyhjUCRxXAUMqCdZsYAjCkpqsEPeRRFibwoqmBHf2y/OkeVJxTyvV22qpdpnXUQAH4BCUgQvOQA1cgzpoAAwewTN4BW/Wk/VivVsf09EFK9/ZA39gff4AleCUCg==</latexit>

Mk =

Z
mkn(m)dm

<latexit sha1_base64="RD6K0pi5cdHUdI98Of/Kq2dLiEE=">AAACDnicbVDLSsNAFJ3UV62vqks3g6VQNzUpRd0IRTduChXsA5o0TKbTdshMEmYmYgn9Ajf+ihsXirh17c6/cdpmoa0HLhzOuZd77/EiRqUyzW8js7K6tr6R3cxtbe/s7uX3D1oyjAUmTRyyUHQ8JAmjAWkqqhjpRIIg7jHS9vzrqd++J0LSMLhT44g4HA0DOqAYKS25+WLd9eElrLum7SGR8EnPt8lDVPJ7FVvSIUe9ymnlxM0XzLI5A1wmVkoKIEXDzX/Z/RDHnAQKMyRl1zIj5SRIKIoZmeTsWJIIYR8NSVfTAHEinWT2zgQWtdKHg1DoChScqb8nEsSlHHNPd3KkRnLRm4r/ed1YDS6chAZRrEiA54sGMYMqhNNsYJ8KghUba4KwoPpWiEdIIKx0gjkdgrX48jJpVcrWWbl6Wy3UrtI4suAIHIMSsMA5qIEb0ABNgMEjeAav4M14Ml6Md+Nj3pox0plD8AfG5w+7zpqo</latexit>

Mk = M0m̄
k exp(k2�2/2)

Write for M1, M2, solve for 
<latexit sha1_base64="u1Pxb8//AycWovpmnUJlpRohhM8=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBg5RdKSp4KXrxWMF+QHcps2nahibZJckWytJ/4sWDIl79J978N6btHrT1wcDjvRlm5kUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDo6aOU0Vog8Q8Vu0INOVM0oZhhtN2oiiIiNNWNLqf+a0xVZrF8slMEhoKGEjWZwSMlbquG0SgMjG9CG4DzQYCum7Zq3hz4FXi56SMctS77lfQi0kqqDSEg9Yd30tMmIEyjHA6LQWppgmQEQxox1IJguowm18+xWdW6eF+rGxJg+fq74kMhNYTEdlOAWaol72Z+J/XSU3/JsyYTFJDJVks6qccmxjPYsA9pigxfGIJEMXsrZgMQQExNqySDcFffnmVNC8r/lWl+lgt1+7yOIroBJ2ic+Sja1RDD6iOGoigMXpGr+jNyZwX5935WLQWnHzmGP2B8/kDVd6Teg==</latexit>

m̄, �

<latexit sha1_base64="uVC6/C24hz6wxL2m5XQAYQZ62do=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVNYlE3QtGNm0IFe4EmDZPppB06uTAzEUrIO7jxVdy4UMStG3e+jdM2C209MMzH/5/DzPm9mFEhDeNbKywtr6yuFddLG5tb2zv67l5LRAnHpIkjFvGOhwRhNCRNSSUjnZgTFHiMtL3RzcRvPxAuaBTey3FMnAANQupTjKSSXP3E9hBPgwxeQdvnCKd11+xZmbqMXnp2amV11+qlpoLM1ctGxZgWXAQzhzLIq+HqX3Y/wklAQokZEqJrGrF0UsQlxYxkJTsRJEZ4hAakqzBEARFOOt0pg0dK6UM/4uqEEk7V3xMpCoQYB57qDJAcinlvIv7ndRPpXzopDeNEkhDPHvITBmUEJwHBPuUESzZWgDCn6q8QD5GKRqoYSyoEc37lRWhZFfO8Ur2rlmvXeRxFcAAOwTEwwQWogVvQAE2AwSN4Bq/gTXvSXrR37WPWWtDymX3wp7TPH4RSnKw=</latexit>

m̄ =
M2

1

M3/2
0 M1/2

2

<latexit sha1_base64="DoEFplvVViyq5QP/ytkBhyjmg/g=">AAACGHicbVBNS8NAEN34bf2KevSyWIR6qUkp6kUQvXgpKFgtNGnYbDft0s0m7E6EEvIzvPhXvHhQxGtv/hu3tQetPhjm8d4Mu/PCVHANjvNpzc0vLC4tr6yW1tY3Nrfs7Z07nWSKsiZNRKJaIdFMcMmawEGwVqoYiUPB7sPB5di/f2BK80TewjBlfkx6kkecEjBSYB95mvdi0qnhM+wJ6QkWQcWLFKF5I3AaQa0w3e3UCk/xXh8OA7vsVJ0J8F/iTkkZTXEd2COvm9AsZhKoIFq3XScFPycKOBWsKHmZZimhA9JjbUMliZn288lhBT4wShdHiTIlAU/Unxs5ibUexqGZjAn09aw3Fv/z2hlEp37OZZoBk/T7oSgTGBI8Tgl3uWIUxNAQQhU3f8W0T0wqYLIsmRDc2ZP/krta1T2u1m/q5fOLaRwraA/towpy0Qk6R1foGjURRY/oGb2iN+vJerHerY/v0TlrurOLfsEafQHwq58b</latexit>

�2 = ln

✓
M0M2

M2
1

◆

<latexit sha1_base64="HNnSY5Tb9yWXRjA0f//vLx3Z61U="></latexit>

Mk = M1�3k/2+k2/2
0 M2k�k2

1 Mk2/2�k/2
2

General fractional moment k



PSD: Assumed Shape n(m)

• Assumed shape n(m) 
• Monodispersed 

• Lognormal 

• (Power-law + lognormal) 

• Interpolative closure 
• Interpolate whole order moments 

to fractional moments 

• Quadrature 
• QMOM 

• (DQMOM) 

• (CQMOM)

Lognormal
<latexit sha1_base64="NoXoneH/qU3PC5VzXQ3NeXU77cY="></latexit>

n(m) =
M0

�
p
2⇡

1

m
exp

✓
� log2(m/m̄)

2�2

◆

<latexit sha1_base64="XNORqTqDp5Vmdlwnb2O0pbTbi4U=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWomzIjRd0IRTduhAr2Ae04ZDKZNkySGZKMUEvxV9y4UMSt/+HOvzFtZ6GtBwKHc+7lnpwgZVRpx/m2FhaXlldWC2vF9Y3NrW17Z7epkkxi0sAJS2Q7QIowKkhDU81IO5UE8YCRVhBfjf3WA5GKJuJOD1LicdQTNKIYaSP59v6NH8ML2KVCQ34fizI/Drlvl5yKMwGcJ25OSiBH3be/umGCM06Exgwp1XGdVHtDJDXFjIyK3UyRFOEY9UjHUIE4Ud5wkn4Ej4wSwiiR5pkUE/X3xhBxpQY8MJMc6b6a9cbif14n09G5N6QizTQReHooyhjUCRxXAUMqCdZsYAjCkpqsEPeRRFibwoqmBHf2y/OkeVJxTyvV22qpdpnXUQAH4BCUgQvOQA1cgzpoAAwewTN4BW/Wk/VivVsf09EFK9/ZA39gff4AleCUCg==</latexit>

Mk =

Z
mkn(m)dm

<latexit sha1_base64="RD6K0pi5cdHUdI98Of/Kq2dLiEE=">AAACDnicbVDLSsNAFJ3UV62vqks3g6VQNzUpRd0IRTduChXsA5o0TKbTdshMEmYmYgn9Ajf+ihsXirh17c6/cdpmoa0HLhzOuZd77/EiRqUyzW8js7K6tr6R3cxtbe/s7uX3D1oyjAUmTRyyUHQ8JAmjAWkqqhjpRIIg7jHS9vzrqd++J0LSMLhT44g4HA0DOqAYKS25+WLd9eElrLum7SGR8EnPt8lDVPJ7FVvSIUe9ymnlxM0XzLI5A1wmVkoKIEXDzX/Z/RDHnAQKMyRl1zIj5SRIKIoZmeTsWJIIYR8NSVfTAHEinWT2zgQWtdKHg1DoChScqb8nEsSlHHNPd3KkRnLRm4r/ed1YDS6chAZRrEiA54sGMYMqhNNsYJ8KghUba4KwoPpWiEdIIKx0gjkdgrX48jJpVcrWWbl6Wy3UrtI4suAIHIMSsMA5qIEb0ABNgMEjeAav4M14Ml6Md+Nj3pox0plD8AfG5w+7zpqo</latexit>

Mk = M0m̄
k exp(k2�2/2)

Write for M1, M2, solve for 
<latexit sha1_base64="u1Pxb8//AycWovpmnUJlpRohhM8=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBg5RdKSp4KXrxWMF+QHcps2nahibZJckWytJ/4sWDIl79J978N6btHrT1wcDjvRlm5kUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDo6aOU0Vog8Q8Vu0INOVM0oZhhtN2oiiIiNNWNLqf+a0xVZrF8slMEhoKGEjWZwSMlbquG0SgMjG9CG4DzQYCum7Zq3hz4FXi56SMctS77lfQi0kqqDSEg9Yd30tMmIEyjHA6LQWppgmQEQxox1IJguowm18+xWdW6eF+rGxJg+fq74kMhNYTEdlOAWaol72Z+J/XSU3/JsyYTFJDJVks6qccmxjPYsA9pigxfGIJEMXsrZgMQQExNqySDcFffnmVNC8r/lWl+lgt1+7yOIroBJ2ic+Sja1RDD6iOGoigMXpGr+jNyZwX5935WLQWnHzmGP2B8/kDVd6Teg==</latexit>

m̄, �

<latexit sha1_base64="uVC6/C24hz6wxL2m5XQAYQZ62do=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARxEVNYlE3QtGNm0IFe4EmDZPppB06uTAzEUrIO7jxVdy4UMStG3e+jdM2C209MMzH/5/DzPm9mFEhDeNbKywtr6yuFddLG5tb2zv67l5LRAnHpIkjFvGOhwRhNCRNSSUjnZgTFHiMtL3RzcRvPxAuaBTey3FMnAANQupTjKSSXP3E9hBPgwxeQdvnCKd11+xZmbqMXnp2amV11+qlpoLM1ctGxZgWXAQzhzLIq+HqX3Y/wklAQokZEqJrGrF0UsQlxYxkJTsRJEZ4hAakqzBEARFOOt0pg0dK6UM/4uqEEk7V3xMpCoQYB57qDJAcinlvIv7ndRPpXzopDeNEkhDPHvITBmUEJwHBPuUESzZWgDCn6q8QD5GKRqoYSyoEc37lRWhZFfO8Ur2rlmvXeRxFcAAOwTEwwQWogVvQAE2AwSN4Bq/gTXvSXrR37WPWWtDymX3wp7TPH4RSnKw=</latexit>

m̄ =
M2

1

M3/2
0 M1/2

2

<latexit sha1_base64="DoEFplvVViyq5QP/ytkBhyjmg/g=">AAACGHicbVBNS8NAEN34bf2KevSyWIR6qUkp6kUQvXgpKFgtNGnYbDft0s0m7E6EEvIzvPhXvHhQxGtv/hu3tQetPhjm8d4Mu/PCVHANjvNpzc0vLC4tr6yW1tY3Nrfs7Z07nWSKsiZNRKJaIdFMcMmawEGwVqoYiUPB7sPB5di/f2BK80TewjBlfkx6kkecEjBSYB95mvdi0qnhM+wJ6QkWQcWLFKF5I3AaQa0w3e3UCk/xXh8OA7vsVJ0J8F/iTkkZTXEd2COvm9AsZhKoIFq3XScFPycKOBWsKHmZZimhA9JjbUMliZn288lhBT4wShdHiTIlAU/Unxs5ibUexqGZjAn09aw3Fv/z2hlEp37OZZoBk/T7oSgTGBI8Tgl3uWIUxNAQQhU3f8W0T0wqYLIsmRDc2ZP/krta1T2u1m/q5fOLaRwraA/towpy0Qk6R1foGjURRY/oGb2iN+vJerHerY/v0TlrurOLfsEafQHwq58b</latexit>

�2 = ln

✓
M0M2

M2
1

◆

<latexit sha1_base64="HNnSY5Tb9yWXRjA0f//vLx3Z61U="></latexit>

Mk = M1�3k/2+k2/2
0 M2k�k2

1 Mk2/2�k/2
2

General fractional moment k

Free molecular collision coefficient has factor

Sotiris E Pratsinis. Simultaneous nucleation, condensation, and coagulation in aerosol 
reactors. Journal of Colloid and Interface Science, 124(2):416–427, 1988.

• This factor precludes direct integration 
with closure using fraction moments 

• Following Pratsinis (1988), assume

<latexit sha1_base64="8vG5TDXMgsFTzqTJvjcdahdcl6M=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoCHWmFHVZdOOygn1AZyyZNNOGZh4kd4QyzG+48VfcuFDEpa78G9PHorYeuHByzr3k3uPFgiuwrB8jt7K6tr6R3yxsbe/s7pn7B00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOHN2G89Mql4FN7DKGZuQPoh9zkloKWuaTmC+VByfEloamdp0LUzfIbn3pXMkbw/gNOH1D6vZF2zaJWtCfAysWekiGaod80vpxfRJGAhUEGU6thWDG5KJHAqWFZwEsViQoekzzqahiRgyk0nl2X4RCs97EdSVwh4os5PpCRQahR4ujMgMFCL3lj8z+sk4F+5KQ/jBFhIpx/5icAQ4XFMuMcloyBGmhAqud4V0wHRoYAOs6BDsBdPXibNStm+KFfvqsXa9SyOPDpCx6iEbHSJaugW1VEDUfSEXtAbejeejVfjw/ictuaM2cwh+gPj+xdc4p/m</latexit>✓
1

m1
+

1

m2

◆1/2

<latexit sha1_base64="UFUN+hvqfvxlqJ1GrTbRI+qpiEk="></latexit>✓
1

m1
+

1

m2

◆1/2

⇡ b

 
1

m1/2
1

+
1

m1/2
2

!

• b is bounded between 0.707 and 1 when 
m1 and m2 approach the same size, and 
are widely separated, respectively. 

• b=0.854 gives at worst a 15% error. 

• FM coagulation:
<latexit sha1_base64="EEGzVhunbQ57wz3vX3EEz3v1KE4="></latexit>

Sfm
0,coag = �Kb

�
M1M1/6 + 2M2/6M�1/6 +M4/6M�3/6

�

Sfm
1,coag = 0

Sfm
0,coag = 2Kb

�
M1M7/6 + 2M8/6M5/6 +M10/6M3/6
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PSD: Quadrature

General quadrature with function f and weight 
function W

Z b

a
W (x)f(x)dx ⇡

NX

j=1

wjf(xj)

<latexit sha1_base64="1erkeO9VjHGU+ksvQuwDg3zYDFs=">AAACF3icbVDLSsNAFJ34rPUVdekmWIR2UxIpqAuh6MaVVLAPaNIwmUzaaSeTMDPRltC/cOOvuHGhiFvd+TdO2yy09cCFwzn3cu89XkyJkKb5rS0tr6yurec28ptb2zu7+t5+Q0QJR7iOIhrxlgcFpoThuiSS4lbMMQw9ipve4GriN+8xFyRid3IUYyeEXUYCgqBUkquXbcKkCzteszgsBar8oQ3jmEdDWyShm/YvrHHn5sHtK8/tl1y9YJbNKYxFYmWkADLUXP3L9iOUhJhJRKEQbcuMpZNCLgmieJy3E4FjiAawi9uKMhhi4aTTv8bGsVJ8I4i4KiaNqfp7IoWhEKPQU50hlD0x703E/7x2IoMzJyUsTiRmaLYoSKghI2MSkuETjpGkI0Ug4kTdaqAe5BBJFWVehWDNv7xIGidlq1I+v60UqpdZHDlwCI5AEVjgFFTBNaiBOkDgETyDV/CmPWkv2rv2MWtd0rKZA/AH2ucPjImfjw==</latexit>

Z 1

0
n(m)f(m)dm ⇡

NX

j=1

wjf(mj)

<latexit sha1_base64="NO9PdB54ByRrGEIdeB9kgjzJtfs="></latexit>

• wj are weight factors and xj are abscissas 
(environments) 

• Take W(x) = n(m) for soot.

• This is equivalent to assuming

• If wj and mj are known, integration is trivial 

• Compute wj, mj from moments Mk

n(m) =
NX

j=1

wj�(m�mj)

<latexit sha1_base64="IMSLMWXnOktPfFOcfGqw9lja0Wk=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0C8uMFNRFoejGlVSwD2jrkMlk2rRJZkgyShn6AW78FTcuFHHrB7jzb0wfC209EDiccy4393gRo0rb9reVWlpeWV1Lr2c2Nre2d7K7e3UVxhKTGg5ZKJseUoRRQWqaakaakSSIe4w0vMHl2G/cE6loKG71MCIdjrqCBhQjbSQ3mxN5XoBl2FYxd5N+2RndXT+4/bZPmEZ5fszdfsGk7KI9AVwkzozkwAxVN/vV9kMccyI0ZkiplmNHupMgqSlmZJRpx4pECA9Ql7QMFYgT1Ukmx4zgkVF8GITSPKHhRP09kSCu1JB7JsmR7ql5byz+57ViHZx1EiqiWBOBp4uCmEEdwnEz0KeSYM2GhiAsqfkrxD0kEdamv4wpwZk/eZHUT4pOqXh+U8pVLmZ1pMEBOAR54IBTUAFXoApqAINH8AxewZv1ZL1Y79bHNJqyZjP74A+szx+KZZoR</latexit>

M0 =

Z
m0n(m)dm =

2X

j=1

m0
jwj = w1 + w2

M1 =

Z
m1n(m)dm =

2X

j=1

m1
jwj = m1w1 +m2w2

M3 =

Z
m3n(m)dm =

2X

j=1

m2
jwj = m2

1w1 +m2
2w2

M4 =

Z
m4n(m)dm =

2X

j=1

m2
jwj = m3

1w1 +m3
2w2

<latexit sha1_base64="lgvZqlu4afxDcegQDVmAB2IU0v8="></latexit>

2 environment Quadrature, 4 moments

Efficient and stable evaluation using 
the Wheeler Algorithm (uses LAPACK)

Ṡ0,coag =
1

2

ZZ
�(m,µ)n(m)n(µ)dmdµ = �1

2

NX

j=1

NX

i=1

�mj ,miwjwi

<latexit sha1_base64="foDlJhvwsDKcBEZkNXn+V2JwsAY="></latexit>



• Frenklach’s MOM with interpolative closure. 

• Interpolate fractional moments from whole-order moments 
• Interpolate among log(Mk) 

• Positive moments: interpolate among all integer moments 

• Negative moments: interpolate among M0, M1, M2 

• Interpolation is done many times for a given set of integer moments. 
• Use a Newton forward polynomial; O(n) operations vs O(n2) 

• (But Barycentric Lagrange Interpolation is better)  

• Interpolation among moments works for nucleation, growth, oxidation, and continuum coagulation. 

• But special treatment is needed for the FM regime (including treatment of PAH condensation).  

PSD: MOMIC

Michael Frenklach. Method of moments with 
interpolative closure. Chemical Engineering Science, 

57(12):2229–2239, 2002.

Grid function

Interpolate whole powers to 1/2 power

<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j
<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j <latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S
<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S

<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S
<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j

<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="zf3DG/iR0VFDTCZuiAf9kXJov20=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCC62TMq12V3TjsoJ9QDuWTJpp02YeJBmhDvMlblwo4tZPceffmD4EFT1w4XDOvdx7jxtxJpVlfRiZpeWV1bXsem5jc2s7b+7sNmUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV9O/dYdFZKFwY2aRNTx8SBgHiNYaaln5r1egk5L6W0yOh6fjNKeWbCKyEYVy4aaVFG1OiWlchnZFkRFa4YCWKDeM9+7/ZDEPg0U4VjKDrIi5SRYKEY4TXPdWNIIkzEe0I6mAfapdJLZ4Sk81EofeqHQFSg4U79PJNiXcuK7utPHaih/e1PxL68TK+/cSVgQxYoGZL7IizlUIZymAPtMUKL4RBNMBNO3QjLEAhOls8rpEL4+hf+TZqmIKkX72i7ULhZxZME+OABHAIEzUANXoA4agIAYPIAn8GzcG4/Gi/E6b80Yi5k98APG2yckuZLJ</latexit>

f j,k�j
1/2

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k



PSD: MOMIC

Grid function

<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S
<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S

<latexit sha1_base64="TcY7N9bE7U1fWln3TjENh4Wlbno=">AAAB6HicdVDJSgNBEO1xjXGLevTSGARPw3SYRHMLevGYoFkgGUJPpyZp07PQ3SOEIV/gxYMiXv0kb/6NnUVQ0QcFj/eqqKrnJ4Ir7Tgf1srq2vrGZm4rv72zu7dfODhsqTiVDJosFrHs+FSB4BE0NdcCOokEGvoC2v74aua370EqHke3epKAF9JhxAPOqDZS46ZfKDo2cUnFcbEhVVKtzkipXCaug4ntzFFES9T7hffeIGZpCJFmgirVJU6ivYxKzZmAab6XKkgoG9MhdA2NaAjKy+aHTvGpUQY4iKWpSOO5+n0io6FSk9A3nSHVI/Xbm4l/ed1UBxdexqMk1RCxxaIgFVjHePY1HnAJTIuJIZRJbm7FbEQlZdpkkzchfH2K/yetkk0qtttwi7XLZRw5dIxO0Bki6BzV0DWqoyZiCNADekLP1p31aL1Yr4vWFWs5c4R+wHr7BBCXjSI=</latexit>

S
<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j

<latexit sha1_base64="2noDYzTdywet2wu99HuhGAp9MoE=">AAAB6HicdVBNS8NAEJ34WetX1aOXxSJ4CklJq70VvXhswX5AG8pmu2m33WzC7kYopb/AiwdFvPqTvPlv3LQVVPTBwOO9GWbmBQlnSjvOh7W2vrG5tZ3bye/u7R8cFo6OWypOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOJjeZ376nUrFY3OlpQv0IDwULGcHaSI1xv1B0bNdzK46HDKm61WpGSuWy6znItZ0FirBCvV947w1ikkZUaMKxUl3XSbQ/w1Izwuk830sVTTCZ4CHtGipwRJU/Wxw6R+dGGaAwlqaERgv1+8QMR0pNo8B0RliP1G8vE//yuqkOr/wZE0mqqSDLRWHKkY5R9jUaMEmJ5lNDMJHM3IrICEtMtMkmb0L4+hT9T1ol263YXsMr1q5XceTgFM7gAly4hBrcQh2aQIDCAzzBszW2Hq0X63XZumatZk7gB6y3TzNzjTk=</latexit>

j

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="zf3DG/iR0VFDTCZuiAf9kXJov20=">AAAB+HicdVDLSgMxFM3UV62Pjrp0EyyCC62TMq12V3TjsoJ9QDuWTJpp02YeJBmhDvMlblwo4tZPceffmD4EFT1w4XDOvdx7jxtxJpVlfRiZpeWV1bXsem5jc2s7b+7sNmUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV9O/dYdFZKFwY2aRNTx8SBgHiNYaaln5r1egk5L6W0yOh6fjNKeWbCKyEYVy4aaVFG1OiWlchnZFkRFa4YCWKDeM9+7/ZDEPg0U4VjKDrIi5SRYKEY4TXPdWNIIkzEe0I6mAfapdJLZ4Sk81EofeqHQFSg4U79PJNiXcuK7utPHaih/e1PxL68TK+/cSVgQxYoGZL7IizlUIZymAPtMUKL4RBNMBNO3QjLEAhOls8rpEL4+hf+TZqmIKkX72i7ULhZxZME+OABHAIEzUANXoA4agIAYPIAn8GzcG4/Gi/E6b80Yi5k98APG2yckuZLJ</latexit>

f j,k�j
1/2

<latexit sha1_base64="ZaAN+613BL07ayT1vcDd7VPGqkk=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadkJm2huQS8eEzAPSJYwO+kkY2YfzMwKYckXePGgiFc/yZt/42wSQUULGoqqbrq7/FhwpR3nw8qtrW9sbuW3Czu7e/sHxcOjtooSyaDFIhHJrk8VCB5CS3MtoBtLoIEvoONPrzO/cw9S8Si81bMYvICOQz7ijGojNaeDYsmxiUuqjosNqZFaLSPlSoW4Dia2s0AJrdAYFN/7w4glAYSaCapUjzix9lIqNWcC5oV+oiCmbErH0DM0pAEoL10cOsdnRhniUSRNhRov1O8TKQ2UmgW+6QyonqjfXib+5fUSPbr0Uh7GiYaQLReNEoF1hLOv8ZBLYFrMDKFMcnMrZhMqKdMmm4IJ4etT/D9pl21Std2mW6pfreLIoxN0is4RQReojm5QA7UQQ4Ae0BN6tu6sR+vFel225qzVzDH6AevtEzT3jTo=</latexit>

k

<latexit sha1_base64="mnCoVvhF6Ijlxx1GuIDWzxbJwEM="></latexit>

fx,y
0 = Mx�3/6My+1/6 + 2Mx�1/6My�1/6 +Mx+1/6My�3/6

<latexit sha1_base64="CBL76mxHQSmcdDRIm5bMVuKvVtk="></latexit>

fx,y
1 =Mx�3/6My+7/6 + 2Mx�1/6My+5/6 +Mx+1/6My+3/6+

Mx+3/6My+1/6 + 2Mx+5/6My�1/6 +Mx+7/6My�3/6

<latexit sha1_base64="g4qWeFyrsjOZBN+5WyIHf67Piio="></latexit>

fx,y
2 =Mx�3/6My+13/6 + 2Mx�1/6My+11/6 +Mx+1/6My+9/6+

2Mx+3/6My+7/6 + 4Mx+5/6My+5/6 + 2Mx+7/6My+3/6+

Mx+9/6My+1/6 + 2Mx+11/6My�1/6 +Mx+13/6My�3/6

<latexit sha1_base64="z0xGYLzEY736fOCkR+uvM8bjz84="></latexit>

fx,y
3 =Mx�3/6My+19/6 + 2Mx�1/6My+17/6 +Mx+1/6My+15/6+

3Mx+3/6My+13/6 + 6Mx+5/6My+11/6 + 3Mx+7/6My+9/6+

3Mx+9/6My+7/6 + 6Mx+11/6My+5/6 + 3Mx+13/6My+3/6+

Mx+15/6My+1/6 + 2Mx+17/6My�1/6 +Mx+19/6My�3/6

• Interpolation using 1, 2, 3, or 4 points 

• Many values of x and y 

• Exploit symmetry when x=y 

• Lots of reused moments 

• Create a table:             
• with q = -3, -1, 1, 3, 5 … 55 handling up to 8 moments 

• Continuum requires           with p = -4, -2, 0, 2… 

• PAH condensation requires similar treatment, but 
with different grid function (since mDimer is used)

<latexit sha1_base64="dAsndRR4MjWMcwHii14Vl3NZ5rM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KiB6DXrwIEcwDkhBmJ7PJkNnZdaZXCEs+wosHRbz6Pd78GyfJHjRa0FBUddPd5cdSGHTdLye3srq2vpHfLGxt7+zuFfcPmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88fXMbz1ybUSk7nES815Ih0oEglG0Uuu2nz6cVaf9Ysktu3OQv8TLSAky1PvFz+4gYknIFTJJjel4boy9lGoUTPJpoZsYHlM2pkPesVTRkJteOj93Sk6sMiBBpG0pJHP150RKQ2MmoW87Q4ojs+zNxP+8ToLBZS8VKk6QK7ZYFCSSYERmv5OB0JyhnFhCmRb2VsJGVFOGNqGCDcFbfvkvaZ6XvWq5clcp1a6yOPJwBMdwCh5cQA1uoA4NYDCGJ3iBVyd2np03533RmnOymUP4BefjG9ldj0M=</latexit>

Mq/6

<latexit sha1_base64="hj6Hn03tKqAuGoY5a5VdLdWyF6Y=">AAAB7nicbVBNSwMxEJ2tX7V+rXr0EiyCp7orpXosevEiVLAf0C4lm2bb0Gw2JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXig508bzvp3C2vrG5lZxu7Szu7d/4B4etXSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOx7czv/1ElWaJeDQTSYMYDwWLGMHGSu37fiYvatO+W/Yq3hxolfg5KUOORt/96g0SksZUGMKx1l3fkybIsDKMcDot9VJNJSZjPKRdSwWOqQ6y+blTdGaVAYoSZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/XTU10HWRMyNRQQRaLopQjk6DZ72jAFCWGTyzBRDF7KyIjrDAxNqGSDcFffnmVtC4rfq1SfaiW6zd5HEU4gVM4Bx+uoA530IAmEBjDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AdfWj0I=</latexit>

Mp/6



• SootLib: library of soot models for simulation 

• Open source, C++, no external libraries besides LAPACK 

• Documented 

• Examples: simple interface, premixed flame 

• Allows consistent model comparison

SootLib

• Nucleation 

• Growth 

• Oxidation 

• Coagulation 

• PAH condensation

• Monodispersed 

• Lognormal 

• Quadrature MOM 

• MOM-Interpolative 
Closure 

• Sectional

Particle DistributionsSoot Processes



Documentation



Code Interface

Boiler plate; 
Collected soot header files 
Namespace

Soot Chemistry, Coagulation Models

PSD model  
   QMOM, MONO, LOGN, MOMIC, SECT

State object 
   T, P, ρ, µ 
   yi: H, H2, O, O2, OH, H2O, CO, C2H4 
    yPAH: C10H8, C12H8, C12H10, C14H10,  
           C16H10, C18H10 
    Soot variables (Mk or ni,section)



Code Interface

Set source terms, given State S

Soot-gas source term coupling 
Species access by name (enumeration)

Source terms for soot, gas, PAH in sources object

PAH species organized separately



Example: Burner Flame

• Burner stabilized premixed flame 
• ISF laminar premixed flame 2 

• C2H4-air 
• Φ = 2.34 
• v0 = 6.73 cm/s 

• Integrate SootLib into Cantera 
• Modified flamespeed.cpp 

• Fixed T(z) profile, experimental  

• Models 
• Gas chemistry: gri3.0 
• Nucleation: Lindstedt 
• Growth: Lindstedt 
• Oxidation: Leung 
• Coagulation: FM 
• PSD: Monodispersed



Example: Burner Flame

• Two cases 
• Coupled gas-soot in Cantera 
• Static calculation 

• Static calculation 
• Evolves soot using fixed profiles from 

the (coupled) Cantera run 
• T, ρ, µ, v, yi  

•   

• 2nd order integration 
• Included as a simple code example 

• Reasonable agreement with the 
coupled simulation

<latexit sha1_base64="9yXvJhJRQ7hC3hdePf12QQyTlN4=">AAACE3icbZDLSsNAFIYnXmu9RV26GSyCuCiJFHUjFN24ESraCzQhTCaTZujkwsykUEPewY2v4saFIm7duPNtnLRZaOsPAz/fOYcz53cTRoU0jG9tYXFpeWW1slZd39jc2tZ3djsiTjkmbRyzmPdcJAijEWlLKhnpJZyg0GWk6w6vinp3RLigcXQvxwmxQzSIqE8xkgo5+rHlc4QzzwqQzG5yZ5hn3kMOL+CU3xXA4kEMR7mj14y6MRGcN2ZpaqBUy9G/LC/GaUgiiRkSom8aibQzxCXFjORVKxUkQXiIBqSvbIRCIuxsclMODxXxoB9z9SIJJ/T3RIZCIcahqzpDJAMxWyvgf7V+Kv1zO6NRkkoS4ekiP2VQxrAICHqUEyzZWBmEOVV/hThAKgypYqyqEMzZk+dN56RuntYbt41a87KMowL2wQE4AiY4A01wDVqgDTB4BM/gFbxpT9qL9q59TFsXtHJmD/yR9vkDDWGe5w==</latexit>

dM̂k

dz
=

Sk

⇢v
<latexit sha1_base64="GmAP5PjKLRqZGng0AXLtrdNrp6A=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkVwVRMp6kYounFTqGAf0IQwmU6aIZOZMDMRS8ivuHGhiFt/xJ1/47TNQqsHLhzOuZd77wlSSqSy7S+jsrK6tr5R3axtbe/s7pn79b7kmUC4hzjlYhhAiSlhuKeIoniYCgyTgOJBEN/M/MEDFpJwdq+mKfYSOGEkJAgqLflm3Y2gyjuFH191/PjUFRH3zYbdtOew/hKnJA1Qouubn+6YoyzBTCEKpRw5dqq8HApFEMVFzc0kTiGK4QSPNGUwwdLL57cX1rFWxlbIhS6mrLn6cyKHiZTTJNCdCVSRXPZm4n/eKFPhpZcTlmYKM7RYFGbUUtyaBWGNicBI0akmEAmib7VQBAVESsdV0yE4yy//Jf2zpnPebN21Gu3rMo4qOARH4AQ44AK0wS3ogh5A4BE8gRfwahTGs/FmvC9aK0Y5cwB+wfj4Bq5WlDg=</latexit>

M̂k = Mk/⇢



Coagulation

Coupled Static

• Large variation with coagulation models used 
• Only simple models considered here: Monodispersed, semiemperical chemistry 
• HM and Fuchs give nearly identical results 
• Lower FM fv from fewer particles → lower surface area for growth 
• Soot models should consider effects of all model components

note scales



QMOM

HM Coagulation FM Coagulation

• QMOM shows convergence with increasing environments 
• Q2 has 2 moments, 1 quadrature node (equivalent to monodispersed) 
• Q4 has 4 moments, 2 quadrature nodes 
• Q6 has 6 moments, 3 quadrature nodes 
• Q8 has 8 moments, 4 quadrature nodes 

• Q2 → Q8 at z=3 cm

Static



MOMIC

HM Coagulation FM Coagulation

• FM results show interleaving curves for even and odd number of moments as 
convergence is approached 

• QMOM and MOMIC approach similar converged value for FM. 
• MOMIC is higher for HM than QMOM, has less spread. 

• Application of HM is less clean in MOMIC than in QMOM since it is applied 
on the moment source not “pre-convolution”. 

• QMOM is simpler, easier to code, and faster to run.

Static



Github

https://github.com/BYUignite/sootlib


