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Chemical Engineering 541

Numerical Methods

Direct Solution of Linear Systems
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Outline

• Gauss Elimination

– Pivoting

– Scaling

– Cost

• LU Decomposition

• Thomas Algorithm
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Overview

• Two types of solutions to linear systems of 

equations

1. Direct Methods

• “Analytic” solution of the system (“exact” solution)
• Algorithms work to

1) Reduce operations,

2) Minimize roundoff error

2. Iterative Methods

1. Approximate solutions to some accuracy
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Direct Methods

• Gauss Elimination (GE), LU Decomposition
(LU), Thomas Algorithm (TA), QR
Decomposition (QR)

• Use when:
1) Small number of equations (~100 or less)

• Cost scales as n3, so minimize n

• Roundoff errors increase with number of operations.

2) Dense Matricies
• These usually arise in smaller problems anyway

3) Systems that are not diagonally dominant (DD)
• Practical, large systems are DD

4) Ill-conditioned systems
• (still subject to roundoff error, but not iterative convergence)
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Gauss Elimination

1) Eliminate to upper triangular form

2) Back substitution to Solution.

   Elimination

• Work through columns k=1,n-1

•Put 0’s in rows i=k+1 to n of column k

•Subtract multiples of row k from row i

•Operate on A, b (b as if elements were in A: augmented matrix)
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G.E. Algorithm

k=2 k=3k=1

k=2 k=3k=1loop:

loop over cols: do k=1,n-1
    loop over rows: do i=k+1,n

find fac: fac = a(i,k)/a(k,k)
do j=k+1,n

loop row elems: a(i,j)=a(i,j)-fac*a(k,j)
end

do b: b(i) = b(i) - fac*b(k)
end

end    

Elimination

Cost ~ 2/3*n3
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G.E. Algorithm

Back Substitution

do it Loop with inner loop in the numerator

x(n) = b(n)/a(n,n)    (do first)
do i=n-1,1,-1 (bottom up)
    x(i) = b(i)
    do j=i+1,n (loop numrtr)

x(i) = x(i) - x(j)*a(i,j)
    end

Cost ~ n2

David Lignell
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Pivoting

• G.E. fails for 0 on the pivot (diagonal)

– this causes a division by zero

• Avoid by interchanging rows

– partial pivoting

• Also use for numerical precision to minimize roundoff errors

– Don’t divide small #’s:

• R2-R1*a21/a11.

• If a11 small → R2-big → lose precision.

• Swap rows to get largest element in the pivot position

• Algorithmically, don’t actually swap rows, use and index array:

– pos = (1 2 3 4) → (4 2 3 1)

– Avoid recopying memory, easy to program

• Partial pivoting cost ~n2, full pivoting cost ~n3

A[i,j] → A[p[i],j] 

See Chapra and Canale
6th edition, Example 9.9
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Scaling

• Scaling is needed to select the pivot elements

– To compare rows (pivot element) need rows to be of

the same “size”

– Divide each possible pivot by the max row element.

• Scale each row to have a max of one

– Use scaling just to select pivot

At first sight, use R1, Scaling → use R2
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LU Decomposition

• Closely related to G.E.

• G.E. produces LU decomposition implicitly

• Useful if multiple b vectors are to be

evaluated

• Ax=b → LUx=b → L(Ux)=b → Ly=b

– Forward substitution to get y (easy)

– Solve Ux=y for x with back substitution (easy)
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LU Algorithm

• l’s are G.E. Factors

• u’s are from G.E. row operations

• Algorithm works “in place”: LU occupies same space as A

• G.E. Alg. changes:

– don’t consider b on factorization

– Add in lij replacement

David Lignell
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GE, LU Relationship

1

a11

a21

a31

a12

a22

a32

a13

a23

a33

R1

R2

R3

<latexit sha1_base64="sNOizdWV7WyABZx9XiaMo4jQBbQ=">AAACGnicbVDLSgMxFM3Ud31VXboJFqEuLJNS1I1QdONSxbZCZxgyaaYNzTxI7ghl6He48VfcuFDEnbjxb8zUWaj1QHIP59xLco+fSKHBtj+t0tz8wuLS8kp5dW19Y7Oytd3RcaoYb7NYxurWp5pLEfE2CJD8NlGchr7kXX90nvvdO660iKMbGCfcDekgEoFgFIzkVci118CnOL8PsSN5ADUnUJRl1MsaZDLJKzHVUWIwhINrj3iVql23p8CzhBSkigpcepV3px+zNOQRMEm17hE7ATejCgSTfFJ2Us0TykZ0wHuGRjTk2s2mq03wvlH6OIiVORHgqfpzIqOh1uPQN50hhaH+6+Xif14vheDEzUSUpMAj9v1QkEoMMc5zwn2hOAM5NoQyJcxfMRtSkwyYNMsmBPJ35VnSadTJUb151ay2zoo4ltEu2kM1RNAxaqELdInaiKF79Iie0Yv1YD1Zr9bbd2vJKmZ20C9YH18aAZ8f</latexit>

R2 = R2 �
✓
a21
a11

◆
R1

<latexit sha1_base64="693aaro2/rR9vOP1esh1ADH8xIc="></latexit>

a022  a22 �
✓
a21
a11

◆
a12

<latexit sha1_base64="bwxck16bobzqfvswI/dOVafRIRo="></latexit>

a023  a23 �
✓
a21
a11

◆
a13

<latexit sha1_base64="iyhvL7eG+vW2BEH6qaXX4Duc2Zc="></latexit>

a032  a32 �
✓
a31
a11

◆
a12

<latexit sha1_base64="fNf4NwBaBNdTJRZYmOQn9MUt30w="></latexit>

a033  a33 �
✓
a31
a11

◆
a13

<latexit sha1_base64="rXZ4Vgi1UnXRcryo3rrzzieueT8="></latexit>

a0033  a033 �
✓
a032
a022

◆
a023

<latexit sha1_base64="Asg1SrW7STFdP9EOAzH6zsditAI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoF6EoBePEcwDkyXMTibJkNnZZaZXCEv+wosHRbz6N978GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F49uZ33ri2ohIPeAk5n5Ih0oMBKNopUfaSyvelFwTt1csuWV3DrJKvIyUIEO9V/zq9iOWhFwhk9SYjufG6KdUo2CSTwvdxPCYsjEd8o6liobc+On84ik5s0qfDCJtSyGZq78nUhoaMwkD2xlSHJllbyb+53USHFz5qVBxglyxxaJBIglGZPY+6QvNGcqJJZRpYW8lbEQ1ZWhDKtgQvOWXV0mzUvYuytX7aql2k8WRhxM4hXPw4BJqcAd1aAADBc/wCm+OcV6cd+dj0Zpzsplj+APn8wfFy4+v</latexit>

a21 = 0

<latexit sha1_base64="/inD36yN/aXR75d0CVaskdF2BBg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexqUC9C0IvHCOaByRJmJ5NkyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslItwJquBSK11Gg5K1YcxoGkjeD0e3Ubz5xbUSkHnAccz+kAyX6glG00iPtpufehFwTt1ssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons4gk5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/5qVBxglyx+aJ+IglGZPo+6QnNGcqxJZRpYW8lbEg1ZWhDKtgQvMWXl0njrOxdlCv3lVL1JosjD0dwDKfgwSVU4Q5qUAcGCp7hFd4c47w4787HvDXnZDOH8AfO5w/HVY+w</latexit>

a31 = 0

<latexit sha1_base64="zd3Pi0QxaCeC14SzRm10gnaZPK0=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5LUol6EohePFewHtDFsttN26WYTdjdKif0pXjwo4tVf4s1/47bNQVsfDDzem2FmXhBzprTjfFu5ldW19Y38ZmFre2d3zy7uN1WUSAoNGvFItgOigDMBDc00h3YsgYQBh1Ywup76rQeQikXiTo9j8EIyEKzPKNFG8u0i8dPTyuS+G0sWAr7Ejm+XnLIzA14mbkZKKEPdt7+6vYgmIQhNOVGq4zqx9lIiNaMcJoVuoiAmdEQG0DFUkBCUl85On+Bjo/RwP5KmhMYz9fdESkKlxmFgOkOih2rRm4r/eZ1E9y+8lIk40SDofFE/4VhHeJoD7jEJVPOxIYRKZm7FdEgkodqkVTAhuIsvL5Nmpeyelau31VLtKosjjw7RETpBLjpHNXSD6qiBKHpEz+gVvVlP1ov1bn3MW3NWNnOA/sD6/AG0Z5L/</latexit>

a032 = 0

<latexit sha1_base64="FuzWIw8/uRWabwxw2bYeeYeM9ys=">AAACGnicbVDLSgMxFM34rPVVdekmWIS6sEy0qBuh6MZlFauFzjBk0kwbzDxI7ghl6He48VfcuFDEnbjxb8zUWWjrgeQezrmX5B4/kUKDbX9ZM7Nz8wuLpaXy8srq2nplY/NGx6livM1iGauOTzWXIuJtECB5J1Gchr7kt/7dee7f3nOlRRxdwzDhbkj7kQgEo2Akr0KuvEN8ivN7HzuSB1BzAkVZRr3skIxGeSWmOkr0B7B35RGvUrXr9hh4mpCCVFGBllf5cHoxS0MeAZNU6y6xE3AzqkAwyUdlJ9U8oeyO9nnX0IiGXLvZeLUR3jVKDwexMicCPFZ/T2Q01HoY+qYzpDDQk14u/ud1UwhO3ExESQo8Yj8PBanEEOM8J9wTijOQQ0MoU8L8FbMBNcmASbNsQiCTK0+Tm4M6Oao3LhvV5lkRRwltox1UQwQdoya6QC3URgw9oCf0gl6tR+vZerPef1pnrGJmC/2B9fkNHvifIg==</latexit>

R3 = R3 �
✓
a31
a11

◆
R1

<latexit sha1_base64="z2nqOCv05G2OCBCa4FX+k2WK4Ig=">AAACGnicbVDLTgIxFO3gC/GFunTTSExwIZkBom5MiG5cIpFHwpBJp3SgofNIe8eETPgON/6KGxca48648W/sAAsFT9Lek3PuTXuPGwmuwDS/jczK6tr6RnYzt7W9s7uX3z9oqTCWlDVpKELZcYliggesCRwE60SSEd8VrO2OblK//cCk4mFwD+OI9XwyCLjHKQEtOXmr4VTwFU7vM2wL5kHR9iShCXGSSnkySWtZV1vywRBOG07ZyRfMkjkFXibWnBTQHHUn/2n3Qxr7LAAqiFJdy4yglxAJnAo2ydmxYhGhIzJgXU0D4jPVS6arTfCJVvrYC6U+AeCp+nsiIb5SY9/VnT6BoVr0UvE/rxuDd9lLeBDFwAI6e8iLBYYQpznhPpeMghhrQqjk+q+YDolOBnSaOR2CtbjyMmmVS9Z5qXpXLdSu53Fk0RE6RkVkoQtUQ7eojpqIokf0jF7Rm/FkvBjvxsesNWPMZw7RHxhfPyU1nyY=</latexit>

R3 = R3 �
✓
a32
a22

◆
R2

<latexit sha1_base64="W22QHOo8RkxNCdEPTURoMSjmOqE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykqBuh6MZlBfuAdiiZNNOGZjJjkimUod/hxoUibv0Yd/6N6XQW2nrgcg/n3Etujh8Lro3rfjuFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P76b++0JU5pH8tFMY+aFZCh5wCkxVvJIP8V4dpNkrV+uuFU3A1olOCcVyNHol796g4gmIZOGCqJ1F7ux8VKiDKeCzUq9RLOY0DEZsq6lkoRMe2l29AydWWWAgkjZkgZl6u+NlIRaT0PfTobEjPSyNxf/87qJCa69lMs4MUzSxUNBIpCJ0DwBNOCKUSOmlhCquL0V0RFRhBqbU8mGgJe/vEpaF1V8Wa091Cr12zyOIpzAKZwDhiuowz00oAkUnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kD49mRig==</latexit>a11 = u11
<latexit sha1_base64="kUePJDPfSYRhcbIezb2fpyeAzY8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK9haaJeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y7rdg7Y+GObx3gyZvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK2jRBHaIhGPVCfAmnImacsww2knVhSLgNPHYHw79x8nVGkWyQczjakv8FCykBFsrOTjfurVZtdJ1vrlilt1M6BV4uWkAjma/fJXbxCRRFBpCMdadz03Nn6KlWGE01mpl2gaYzLGQ9q1VGJBtZ9mR8/QmVUGKIyULWlQpv7eSLHQeioCOymwGellby7+53UTE175KZNxYqgki4fChCMToXkCaMAUJYZPLcFEMXsrIiOsMDE2p5INwVv+8ipp16reRbV+X680bvI4inACp3AOHlxCA+6gCS0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8f5uqRjA==</latexit>a12 = u12

<latexit sha1_base64="v8MALK5HK2RNOscItyDVFnFoxFY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUTdC0Y3LCvYB7VAyaaYNTTJjkimUod/hxoUibv0Yd/6N6XQWWj1wuYdz7iU3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG/nfntClWaRfDDTmPoCDyULGcHGSj7up9757DrJWr9ccatuBvSXeDmpQI5Gv/zZG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afZ0TN0YpUBCiNlSxqUqT83Uiy0norATgpsRnrZm4v/ed3EhFd+ymScGCrJ4qEw4chEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8Ja//Je0zqreRbV2X6vUb/I4inAEx3AKHlxCHe6gAU0g8AhP8AKvzsR5dt6c98Vowcl3DuEXnI9v6fuRjg==</latexit>a13 = u13

<latexit sha1_base64="W22QHOo8RkxNCdEPTURoMSjmOqE=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqkykqBuh6MZlBfuAdiiZNNOGZjJjkimUod/hxoUibv0Yd/6N6XQW2nrgcg/n3Etujh8Lro3rfjuFtfWNza3idmlnd2//oHx41NJRoihr0khEquMTzQSXrGm4EawTK0ZCX7C2P76b++0JU5pH8tFMY+aFZCh5wCkxVvJIP8V4dpNkrV+uuFU3A1olOCcVyNHol796g4gmIZOGCqJ1F7ux8VKiDKeCzUq9RLOY0DEZsq6lkoRMe2l29AydWWWAgkjZkgZl6u+NlIRaT0PfTobEjPSyNxf/87qJCa69lMs4MUzSxUNBIpCJ0DwBNOCKUSOmlhCquL0V0RFRhBqbU8mGgJe/vEpaF1V8Wa091Cr12zyOIpzAKZwDhiuowz00oAkUnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kD49mRig==</latexit>a11 = u11
<latexit sha1_base64="kUePJDPfSYRhcbIezb2fpyeAzY8=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK9haaJeSTbNtaJJdk2yhLP0dXjwo4tUf481/Y7rdg7Y+GObx3gyZvCDmTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK2jRBHaIhGPVCfAmnImacsww2knVhSLgNPHYHw79x8nVGkWyQczjakv8FCykBFsrOTjfurVZtdJ1vrlilt1M6BV4uWkAjma/fJXbxCRRFBpCMdadz03Nn6KlWGE01mpl2gaYzLGQ9q1VGJBtZ9mR8/QmVUGKIyULWlQpv7eSLHQeioCOymwGellby7+53UTE175KZNxYqgki4fChCMToXkCaMAUJYZPLcFEMXsrIiOsMDE2p5INwVv+8ipp16reRbV+X680bvI4inACp3AOHlxCA+6gCS0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8f5uqRjA==</latexit>a12 = u12

<latexit sha1_base64="v8MALK5HK2RNOscItyDVFnFoxFY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxoUTdC0Y3LCvYB7VAyaaYNTTJjkimUod/hxoUibv0Yd/6N6XQWWj1wuYdz7iU3J4g508Z1v5zCyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG/nfntClWaRfDDTmPoCDyULGcHGSj7up9757DrJWr9ccatuBvSXeDmpQI5Gv/zZG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afZ0TN0YpUBCiNlSxqUqT83Uiy0norATgpsRnrZm4v/ed3EhFd+ymScGCrJ4qEw4chEaJ4AGjBFieFTSzBRzN6KyAgrTIzNqWRD8Ja//Je0zqreRbV2X6vUb/I4inAEx3AKHlxCHe6gAU0g8AhP8AKvzsR5dt6c98Vowcl3DuEXnI9v6fuRjg==</latexit>a13 = u13
<latexit sha1_base64="a+uNorcShjM+R5+22HkOIG1bz0o="></latexit>

u22 = a22 �
✓
a21
a11

◆

| {z }
l21

u12

<latexit sha1_base64="6zP+giG3gxArrpeezkwBOP9Rj48="></latexit>

a032 = a32 �
✓
a21
a11

◆

| {z }
l31

u12

<latexit sha1_base64="Ad8DiDQAbJYk44VNTqlSw6rlEAM="></latexit>

a033 = a33 �
✓
a21
a11

◆

| {z }
l31

u13

<latexit sha1_base64="bqIzpUrN+Sa7akiWx3OWWVXBNh0="></latexit>

a033 = a33 �
✓
a31
a11

◆

| {z }
l31

u13
<latexit sha1_base64="k+4kauOVKhhMEMPkQPSkp16RYrY=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld1S1GPRi8cK9gPapWTTbBubTZYkK5Sl/8GLB0W8+n+8+W9M2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdgp7u7tHxyWjo5bRqWasiZVQulOSAwTXLKm5VawTqIZiUPB2uH4dua3n5g2XMkHO0lYEJOh5BGnxDqpJfpZ1Z/2S2Wv4s2BV4mfkzLkaPRLX72BomnMpKWCGNP1vcQGGdGWU8GmxV5qWELomAxZ11FJYmaCbH7tFJ87ZYAjpV1Ji+fq74mMxMZM4tB1xsSOzLI3E//zuqmNroOMyyS1TNLFoigV2Co8ex0PuGbUiokjhGrubsV0RDSh1gVUdCH4yy+vkla14l9Wave1cv0mj6MAp3AGF+DDFdThDhrQBAqP8Ayv8IYUekHv6GPRuobymRP4A/T5AzNBjuU=</latexit>

l21

<latexit sha1_base64="/xoAFGOmQw7V2QFH3HUHgaUn4/s=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0t6rHoxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3UFL3swp/0SmWv4s2Al4mfkzLkqPdKX92+omnMpKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FJYmaCbHbtBJ86pY8jpV1Ji2fq74mMxMaM49B1xsQOzaI3Ff/zOqmNroOMyyS1TNL5oigV2Co8fR33uWbUirEjhGrubsV0SDSh1gVUdCH4iy8vk+Z5xb+sVO+r5dpNHkcBjuEEzsCHK6jBHdShARQe4Rle4Q0p9ILe0ce8dQXlM0fwB+jzBzTHjuY=</latexit>

l31

<latexit sha1_base64="4DyWp4e7c2n0ccrmot1JxHmeJnU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2nyQXtRmg3LFrbpzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4bWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXqt5ltX5frzRu8jiKcAKncA4eXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wc2TI7n</latexit>

l32

GE equations

<latexit sha1_base64="sUnzV30bV3sMlfJ6AZxhtomAl2E=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQxDIzFnUjFN24rGAf0JYhk2ba0MyDJCOUMB/hxl9x40IRty7c+TdmprPQ1gPhnpxzL8k9XsyokJb1bZSWlldW18rrlY3Nre0dc3evLaKEY9LCEYt410OCMBqSlqSSkW7MCQo8Rjre5CbzOw+ECxqF93Iak0GARiH1KUZSS655wlx15qTwCvZ9jrBC+fU0U+00cZXtpKnS1dHVNatWzcoBF4ldkCoo0HTNr/4wwklAQokZEqJnW7EcKMQlxYyklX4iSIzwBI1IT9MQBUQMVL5UCo+0MoR+xPUJJczV3xMKBUJMA093BkiOxbyXif95vUT6lwNFwziRJMSzh/yEQRnBLCE4pJxgyaaaIMyp/ivEY6TDkTrHig7Bnl95kbSdmn1eq9/Vq43rIo4yOACH4BjY4AI0wC1oghbA4BE8g1fwZjwZL8a78TFrLRnFzD74A+PzB0Runb8=</latexit>

l32 =
a32 � l31u12

u22

<latexit sha1_base64="K4U/M7kpaE513Ct+0COQUZHxS4E="></latexit>

u33 = a033 �
✓
a032
a022

◆

| {z }
l32

u23

<latexit sha1_base64="6MwlOaX8aIpiAT0qeOUi7FveXBs=">AAACEnicbVC7TsMwFHV4lvIKMLJYVEgwUCVtBSxIFSyMRaIPqY0ix3Vaq44T2Q5SFeUbWPgVFgYQYmVi429w0gzQciTL555zr+x7vIhRqSzr21haXlldWy9tlDe3tnd2zb39jgxjgUkbhywUPQ9JwignbUUVI71IEBR4jHS9yU3mdx+IkDTk92oaESdAI059ipHSkmuexm5Sr6fwCqKcnDF92alW7aKoZUWtnrpmxapaOeAisQtSAQVarvk1GIY4DghXmCEp+7YVKSdBQlHMSFoexJJECE/QiPQ15Sgg0knylVJ4rJUh9EOhD1cwV39PJCiQchp4ujNAaiznvUz8z+vHyr90EsqjWBGOZw/5MYMqhFk+cEgFwYpNNUFYUP1XiMdIIKx0imUdgj2/8iLp1Kr2ebVx16g0r4s4SuAQHIETYIML0AS3oAXaAINH8AxewZvxZLwY78bHrHXJKGYOwB8Ynz+CMpwl</latexit>

u33 = a33 � l31u13 � l32u23Recall

GE à LU equations
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Thomas Algorithm

• G.E. applied to a tridiagonal system

– TDMA

• Common in Differential Equations

– Especially diffusion problems

• No pivoting

– pivoting would destroy the structure

– no need to pivot in practice due to natural structure.

• Cost ~ n

– Very fast algorithm



13

Thomas Algorithm

• Store 3, 1D arrays

• G.E. → array c becomes zeros, so ignore

• G.E. → array d not changes cause zeros above, so ignore

• Just change array a

1

2 3

ac

a d

-

/

*

Elimination Back Substitution

dol4
Text Box




