ChE 374—Lecture 26-Differential Balance

Previously considered Mass, Energy and Momentum balances in INTEGRAL form, using the Reynolds
Transport Theorem.

— Provides overall/bulk properties: Net mass, or net force.

Differential balance — shrink the Control Volume (C.V.) to a point to get an equation that, when
solved, gives the whole flow field.

— Example was laminar pipe flow: force balances — differential equation.
* Solved for full pressure and velocity profile.
* (More involved than usual.)

Mass Balance: Integral Method
— Start with integral balance: & [, pdV + [, p¥ - idA = 0.
— Gauss Divergence Theorem: [, o7 -7idA = [, V- @dV.

— bring the % inside the integral, and apply the GDT to the second term, bringing both resulting
integrals over volume into one term:

3 -
Jov (% +V-pt)av =0
) 3, =
— This holds for any volume so 52 + V - pi7 = 0.

Differential Mass Balance (Continuity Equation): %’% +V.-pi=0.
Mass Balance: Differential Method

— Use accumulation = in - out + (generation=0).

— Apply to a square with u in and out on left and right at x and x+dx; and v in and out on bottom
and top at y and y-+dy.

— Divide through by dx and dy and take the limit as dx and dy — 0.
Simply Mass Balance:

— Steady state V - pt = 0 (e.g., a steady flame).

— Uniform p and SS: V-7 = 0.

— Constant p: V-7 =0.
Cartesian, Cylindrical, Spherical (different definitions for V).

Continuity equation puts a CONSTRAINT on velocity, its not normally used to Solve for velocity (we
use the momentum equation to do that).

Examples of constraining flow fields using continuity (mass in = mass out).

Differential Momentum Balance (Integral)

— Start with Integral Momentum Balance: 3. F = 2 [, ptdV + [, pi0 - fidA.

— Use Y F = [)pGdV — [, PS8 - idA — [, o7 - fidA.
— Apply the Gauss divergence theorem, move % inside the integral and collect the integrals over

the control volume. Then apply to any control volume:
%7 + V- (pi0) = ~VP =V -7 + pg.
Simplify:
— Inviscid — 7 =0.
— Constant p — V -7 = —pV?7.
* Reduce dimensions.
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clc; clear;
b=1: o=l;

x=linspace(-1,1,10);
Y=X;
[X,Y]=meshgrid(x,Vy);

subplot(2,2,1);
u=-X;

v=Y;
quiver(X,Y,u,v);
axis([-1 1 -1 11);

subplot(2,2,2);
u=sxX+Y¥Y;

v=X-Y;

quiver (X,Y,u,v);
axis([-1 1 -1 1]);

subplot(2,2,3);
u=X+Y;

v=X+Y;

quiver (X,Y,u,v);
axis([-1 1 -1 11);

subplot (2,2,4);

u = -X; '
o= =Y

quiver (X,Y,u,v);
axis([-1 1 -1 11);
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81

1l of 1

clc; clear;

x=linspace(-1,1,10);
Y=%;
[X,Y]=meshgrid(x,vy):;

d=d; b =4y e=1lyid = =83
subplot(2,2,1);

u = a*X+b*Y;

v o= CXXeA*Y;

quiver (X,Y,u,v);

axis([-1 1 -1 11);
title('a=1l, b=1, c=1, d=-1");

a =1l; b =0; ¢=0; 4 = -a;
subplot(2,2,2);

u a*X+b*y;

v c*X+d*Y;

quiver (X,Y,u,v);

axis([-1 1 -1 11]);
title(’a=-1, b=0, c=0, d=1");

a=1; b=1; ¢ =-1; d = -a;
subplot(2,2,3);

u = a*X+b*Y;

v = c*X+d*Y;

quiver (X,Y,u,v);

axis([-1 1 -1 11);

title(’a=1, b=1l, c=-1, d=-17");

a=0; bs-1; ¢==1; d = —a;
subplot(2,2,4);

u = a*X+b*Y;

v = c*X+4d*Y;

quiver (X,Y,u,v);

axis([-1 1 -1 11]);

title(’a=l, b=-1, c=-1, d=-1")
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